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ADVERTISEMENT. 



This edition of Euclid has been published in a cheap 
form, with the hope that it may tend to advance the 
mathematical education of this country, and with an 
especial reference to the instruction of Schoolmasters 
who may be desirous of obtaining a Government cer- 
tificate. 



EUCLID^S 



ELEMENTS OF GEOMETRY. 



BOOK I. 



DEFINITIONS* 
I. 

A PomT is that which hath no parts, or which hath no 
magnitude. 

II. 

A line is length without breadth. 

ni. 
The extremities of a line are points. 

IV. 

A straight line is that which lies evenly between its extreme 
points. 

V. 

A superficies is that which hath only length and breadth. 

VI. 

The extremities of a superficies are lines. 

vn. 

A plane superficies is that in which any two points being 
taken, the straight line between them lies wholly in that 
superficies. 

B 



Euclid's elements. 



VIIL 



'' A plane angle is the inclination of two lines to one another 
in a plane, which meet together, but are not in the same 
direction." 



IX. 



A plane rectilineal angle is the inclination of two straight 
lines to one another, which meet together, but are not in 
the same straight line. 





N.B. "When several angles are at one point b, anyone of 
them is expressed by three letters, of which the letter that is 
at the vertex of the angle, that is, at the point in which the 
straight lines that contain the angle meet one another, is put 
between the other two letters, and one of these two is some- 
where upon one of those straight lines, and the other upon 
the other line : Thus the angle which is contained by the 
straight lines ab, cb, is named the angle abo, or oba ; that 
which is contained by ab, bd, is named the angle abi>, or 
DBA; and that which is contained by db, gb is called the 
angle dbc, or cbd ; but, if th^e be only one angle at a point, 
it may be expressed by a letter placed at that point ; as the 
angle at e.** 

/ X. 

When a straight line standing on another 
straight line makes the adjacent angles equal 
to one another, each of the angles is called 
a right angle ; and the straight line which 

stands on the other is called a perpendicular 

to it. 

XL 

An obtuse angle is that which is greater than a right angle. 
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XII. 

An acute angle is that wbioh is less tlum a right angle. . 

xin. 
" A term or boundary is the extremity of any thing." 

XIV. 

A figure is that which is inclosed by one or more boundaries. 

XV. 

A circle is a plane figure contained by one line, which is 
called the circumference, and is such that all straight lines 
drawn from a certain point within the figure to the cir- 
cumference are equal to one another. 




XVI. 

And this point is called the centre of the circle. 

XVM, 

A dit^eter of a circle is a straight line drawn throngh the 
centre, and terminated both ways by the circumference. 

xvm. 
A semicircle is the figure contained by a diameter and the 
part of the circumference cut off by the diameter. 

XIX. 

<< A segment of a circle is the figure contained by a straight 
line, and the circumference it cuts off." 

XX. 

Rectilineal figures ai'e those which are contained by straight 
Hues. 

XXI. 

Trilateral figures, or triangles, by three straight lines. 

Xxn. 
Quadrilateral, by four straight lines. 

xxte. 

Multilateral figures, or polygons, by more than four straight 
lines. 

B 2 



Euclid's eleicents. 



XXIV. 



Of three-sided figures, an equilateral triangle is that wldch 
has three equal sides. 



XXV. 



An isosceles triangle is that which has only two sides equal. 






XXVI. 

A scalene triangle, is that which has three unequal sides. 

xxvn. 
A right angled triangle, is that which has a right angle. 

xxvm. 
An obtuse angled triangle, is that which has an obtuse angle. 






XXIX. 

An acute angled triangle, is that which has three acute 
angles. 

XXX. 

Of four-sided figures, a square is that which has all its sides 
equal, and all its angles right angles. 



XXXI. 

An oblong, is that which has all its angles right angles, but 
has not all its sides equal. 

xxxn. 

A rhombus, is that which has all its sides equal, but its 
angles are not right angles. 



BOOK I. POSTULATES AND AXIOMS. 



d 




K 



XXXUI. 

A rhomboid, is that which has its opposite sides equal to one 
another, but all its sides are not equal, nor its angles right 
angles. 

XXXIY. 

All other four-sided figures besides these, are called Trape- 
ziums. 

XXXV. 

Parallel straight lines are such as are in the same plane, and 
which, being produced ever so far both ways, do not meet. 



POSTULATES. 



I. 

Let it be granted that a straight line may be drawn from 
any one point to any other point. 

n. 
That a terminated straight line may be produced to any length 
in a straight line. 

in. 
And that a circle may be described fix)m any centre, at any 
distance from that centre, 

AXIOMS. 



I. 

Things which are equal to the same are equ^ to one another. 

n. 
If equals be added to equab, the wholes are equal. 

m. 
If equals be taken from equals, the remainders are equal 

rv. 
If equals be added to unequals, the wholes are unequal. 

B s 



EOCtlDS BLElfENTS. 

V. 

If equals be taken from unequals, tfa remaiaders are nneqaaL 

VI. 

Things which are double of the same, are equal to one another. 

vn. 
Things which are halves of the same, are equal to one another. 

vin. 
Magmtudes which coincide with one anQtber^ that ifl» whicli 
ej^acdj fill the siam^ «pace» aro eqcial to one another, 

IX. 

The whole is greater than its part. 

X. 

Two straight lines cannot inclose a space. 

XI. 

All right angles are equal to one another. 

xii 

'* If a straight line meets two straight lines, so as to make 
the two interior angles on the same aide of it taken toge« 
ther les^ than two right angles, these straight lines being 
continuallj produced^ shall at length meet upon that side 
on which are the angles which are less tluui two right 
angles." 

Profosition J, Problem. 

To ekseribf. an ^quUdt^al triangfe upon a given fimte 
straight line. 

Let AB be the given straight line ; it is required to de- 
scribe an equilateral triangle upon it. 

From the centre a, at the distance 
AB, describe (Postulate 3.) the circle 
BCD, and from the centre b, at the 
distance ba, describe the circle ace ; 
and from the point c, in which the 
circles cut one another, draw the straight 
lines (Post 1.) ca, cb, to thei points a, b; abc shall be an 
equilateral triangle. 

Because the poyit a is the centre of the circle bcd, ac is 
equal (Definition 15,) to ab; apd beqau^e the point b is the 
centre of the circle Xce, bc is equal to ba: But it has 
been proved that ca is equal to ab; therefore ca, cb are 
each of them equal to ab; but things which are equal to 
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the same fere equal to one another (Axiom 1.) ; therefore 
CA is equal to .cb ; wherefore ca, ab, bc ane equal to one 
another; and the triangle A bo is therefore equilateral, and 
it is described upon the given straight line Ab. Whioh was 
required to be done. 

Prop. II. Prob, 

From a given point to, dratp a straight line equal to a 
given^ straight line. 

Let A be the given point, and bo the given straight line ; 
it is required to draw from the point A a straight line 
equal to bc. 

From the point a to b draw (Post. 1 .) 
the straight line ab ; and upon it describe 
(i. 1.) the equilateral triangle dab, and 
produce (Post. 2.) the straight lines da^ 
DB, to E and F ; from the centre b, at the 
distance bo, describe (Post. 3.) the circle 
CGH, and from the centre d, at the dis- 
tance DO9 describe the circle gkl. al 
shall be equal to BC. 

Because the point b is the centre of the circle coh, bc is 
equal (Def. 16.) to bg ; and because d is the centre of the 
circle glk, dl is equal to dg, and da, db, parts of them, are 
equal (Constr.); therefore the remainder a Lis equal to the 
remaitider bg (Ax. 3.): But it has been shown that bc is 
equal to bg ; wherefore al and bc are each of them equal 
to BG; and things that are equal to the same are equal to 
one another; therefore the. straight line al is equ^ to bc. 
Wherefore from the given point a a straight line al has been 
drawn equal to the given straight line bc. Which was to 
be done. 

Prop. III. Prob. 

From the greater of two given straight Unes to cut off a 
part equal to the less. 

Let AB and c be the two given straight lines, whereof a b 
is the greater. It is required to cut off 
from AB, the greater, a part equal to 0, the 
less. 

From the point a draw (l 2.) the straight 
line AD equal to C; and from the centre a, 
and at the distance ad, describe (Post. 3.} 
the circle def ; a e shall be equal to 0. 

&4 




8 Euclid's elements. 

Because a is the centre of the circle def, ae is equal to 
AD (Def. 15.); but the straight line c is likewise equal to 
AD (Constr.^; whence ae and c are each of them equal to 
AD ; wherefore the straight line ae is equal to o {Ax. 1.), 
and from ab, the greater of two straight lines, a part ae has 
been cut off equal to c the less. Which was to be done. 

Prop. IV. Theorem. 

If tipo triangles have two sides of the one equal to two 
sides of the other y each to each ; and have Ukewise the angles 
contained by those sides equal to one another; they shall 
likewise have their bases, or third sides, equal ; and the two 
triangles shall be equal; and their other angles shall be 
equal, each to each, viz, those to which the equal sides are 
opposite. 

Let ABC, DEF be two triangles whicli have the two side» 
AB, AG equal to the two sides de, df, 
each to each, viz. ab to de, and ac 
to df ; and the angle bag equal to the 
angle edf, the base bo shall be equal 
to the base ef; and the triangle abc 
to the triangle def; and the other 
angles, to which the equal sides are op- 
posite, shall be equal each to each, viz. the angle abo to the 
angle def, and the angle agb to dfe. 

For, if the triangle abg be applied to def, so that the 
point A may be on d, and the straight line ab upon de ; the 
point B shall coincide with the point E, because ab is equal to 
DE (Hyp.) ; and ab coinciding with de, AG shall coincide with 
DF because the angle bag is equal to the angle edf (Hyp.) ; 
wherefore also the point G shall coincide with the point F, be* 
cause the straight line AG is equal to d f (Hyp.). But the point 
B coincides with the point e ; wherefore the base bg shall coin* 
cide with the base ef, because the point b coinciding with e, 
and G with f, if the base b g does not coincide with the base e f,. 
two straight lines would inclose a space, which is impossible 
( Ax. 1 0.). Therefore the base b g shall coincide with the base 
E F, and be equal to it (Ax. 8.). Wherefore the whole triangle 
abg shall coincide with the whole triangle def, and be equal 
to it ; and the other angles of the one shall coincide with the 
remaining angles of the other, and be equal to them, viz. the 
angle abg to the angle def, and the angle agb to dfe.. 
Therefore, if two triangles have two sides of the one equal to 
two sides of the other, each to each, and have likewise the 
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angles contained bj those sides equal to one another, their 
bases shall likewise be equal, and the triangles be equal, and . 
their other angles to which the equal sides are opposite shall 
be equal, each to each. Which was to be demonstrated. 

Prop. V. Theor. 

The aisles at the hose of an Isosceles triangle are equal 
to one another ; and, if the equal sides be produced, the 
angles upon the other side of the base shall be equaL 

Let ABC be an Isosceles triangle, of which the side^B is 
equal to ac, and let the straight lines ab, ac be produced to 
D and E, the angle abc shall be equal to the angle agb, and 
the angle cbd to the angle bce. 

In BD take anj point f, and from as, the greater, cut off 
AQ equal (i. 3.) to af, the less, and join fc, gb. 

Because AF is equal to ag, and ab to a c (Hyp.), the two sides 
FA, AO are equal to the two ga, ab, each to each ; and they 
contain the angle fag common .to the two 
triangles AFC, agb; therefore the base fc 
is equal (i. 4.) to the base gb, and the tri- 
angle AFC to the triangle agb ; and the re- 
maining angles of the one are equal (i. 4.) 
to the remaining angles of the other, each 
to each, to ^ which the equal sides are oppo- 
site ; viz. the angle acf to the angle abg, 
and the angle afc to the angle agb : And 
because the whole af is equal to the whole 
AG, of which the parts ab, ac, are equal : the remainder bf 
shall be equal (Ax. 3.) to the remainder cg; and fc was 
proved to be equal to gb ; therefore the two sides bf, fc are 
equal to the two cg, gb, each to each ; and the angle bfc is 
equal to the angle cgb, and the base bc is common to the 
two angles bfc, cgb; wherefore the triangles are equal 
(i. 4.), and their remaining angles, each to each, to which the 
equal sides are opposite ; therefore the ac^le fbc is equal to 
the angle gcb, and the angle bcf to the angle cbg : And, 
since it has been demonstrated, that the whole angle abg is 
equal to the whole acf, the parts of which, the angles cbg, 
bcf are also equal ; the remaining angle abc is therefore 
equal to the remaining angle acb, which are the angles at 
the base of the triangle abc : And it has also been proved 
that the angle fbc is equal to the angle gcb^ which are the 

B 5 





10 EITCLID's ELEHEKTfl; 

angles upon the other side of the base. Therefore the angles 
at the base, &c. Q. E. D. 

CoROLLABT. Hence every equilateral triangle is also eqoi- 
augular. 

Prop. VL Theor* 

If two angles of a triangle he equal to one another^ the 
sides also which subtend^ or are opposite to, the equal 
angles, shaU be equal to one another. 

Let ABC be a triangle haviug the angle abc equal to the 
angle ^GB ; the side ab is also equal to the side ao. 

For, if AH be not equal to ao, one of them is greater thap 
the other ; let ab be the greater, and from it cut (l 3.) off 
DB equal to AC, the less, and join doj there- 
fore, because in the triangles d bo, aob, db is 
equal to ao, and bo common to both, the two 
sides DB, BO are equal to the two ao, qb, 
each to each; and the angle dbo is equal to 
the angl^ aob (Hyp.) ; therefore the base do is g, 
equal to the base ab, and the triangle dbo is 
equal to the triangle (i. 4.) aob, the less to the greater ; which 
is absurd. Therefore ab is not unequal to ao, that is, it is 
equal to it Wherefore, if two angles, &c. Q. E, D. 

Cor. Hence every equiangular triangle is also equilateral. 

Prop. VIL Theor. 

Upon the same base, and on the same sick of it, there can* 
not be two trianales that have their sides which are termi- 
nated in one extremity of the base equal to one another, and 
likewise those which are terminated in the other extremity. 

If it be possible, let there be two triangles aqb, adb, 
upon the same base ab, and upon the same side of it, which 
have their sides o A^ da, terminated in the extrepaity a of the 
base equal to one another, and likewise their c 
sides OB, DB, and are terminated in b. 

Join CD; then, in the case in which the 
vertex of each of the triangles is without the 
other triangle, because AC is equal to AD, 

the angle acd is equal (i. 5.) to the anglq ^ 

ADC : But the angle acd is greater than the A B 

angle bod (Ax. 9.) ; therefore the angle ADC is greater also 
than BCD ; much more then is the angle b DC greater than the 
angle bod. Again,, because cb is equal to db, the angle 
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BDC iS' equal (i. 5.) to the angle BCD ; bul it has been de- 
monstrated to be greater than it ; which is impossible. 

But if one of the vertices, as d, be within the other tri- 
angle acb; produce AC, ad to e, f; 
therefore, because ac is equal to ad in 
the triangle a CD, the angles ecd, fdc 
upon the other side of the base cd are 
equal (i. 5.) to one another, but the angle 
ECD is greater than the angle bcd; 
wherefore the angle fdc is likewise ^ B 

greater than bcd; much more then is the angle bdc greater 
than the angle bcd. Again, because cb is equal to db, the 
an^le bdc is equal (i. 5.) to the angle bcd; but bdc has 
been proved to be greater than the same bcd; which is impos- 
sible. The case in which the vertex of the triangle is upon 
& aide of the other, needs no demonstration. 

Therefore, upon the same base, and on the same sides of 
it, there cannot be two triangles, that have their sides which 
are terminated in one extremity of the base equal to one 
another, and likewise those which are terminated in the other 
extremity. Q. E. D. 

Prop. VIII. Theob. 

If two triangles have two sides of the one equal to two sides 
of the other, each to each, and have likewise their bases eqttal ; 
the angle which is contained by the two sides of the one shall 
be equal to the angle contained by the sides equal to them, of 
the other. 

Let ABC, DEF be two triangles having the two sides ab, 
AC, equal to the two sides, de, df, each to each, viz. ab to 
DE, and AC to DF; and also the base a d g 

bc equal to the base ef. The angle 
BAC is equal to the angle edf. 

For if the triangle abc be applied 
to DEF, so that the point b be on e, 
and the straight line bc upon ef; 
the point c shall also coincide with the ^ 
point F, because bc is equal to ef (Hyp.); therefore bc co- 
inciding with ef, BA and ac shall coincide with ed and df ; 
for, if the base bc coincides with the base ef, but the sides 
BA, CA do not coincide with the sides ed, fd, but have a 
different situation as eg, fo; then, upon the same base 
EF, and upon the same side of it, there can be two triangles 
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that have their sides which are terminated in one extremitj 
of the base equal to one another, and likewise their sides 
terminated in the other extremitj : But this is impossible 
(i. 7.) ; therefore, if the base bc coincides with the Imse ef; 
the sides ba, ac cannot but coincide with the sides ED, i>F; 
wherefore likewise the angle bag coincides with the angle 
£DF, and is equal (Ax. 8.) to it Therefore if two triangles^ 
&c. Q. E. D. 

Prop. IX. Prob. 

To bisect a given rectilineal angUy that is, to divide it into 
two equal angles. 

Let BAG be the given rectilineal angl^ it is required to 
bisect it. 

Take any point D in ab, and from AC cut (i. 3.) off ae 
equal to ad ; join de, and upon it, on the side towards b and c, 
describe (l 1.) an equilateral triangle def ; then join af ; 
the straight line af bisects the triangle bag. 

Because ad is equal to ae, and af is com- 
mon to the two triangles daf, eaf ; the two 
sides DA, AF, are equal to the two sides ea, 
af, each to each ; and the base df ia equal 
to the base ef; therefore the angle daf is 
equal (i. 8.) to the angle eaf ; wherefore the 
given rectilineal angle bag is bisected by the B 
straight line af. Which was to be done* 

Prop. X. Prob. 

To bisect a given finite straight line, that is, to divide it 
into two equal parts. 

Let AB be the given straight line; it is required to divide 
it into two equal parts. 

Describe (l 1.) upon it an equilateral triangle abg, and 
bisect (i. 9.) the angle agb by the straight line gd. ab is 
cut into two equal parts in the point d. 

Because AG is equal to gb, and gd common to the two 
triangles agd, bgd ; the two sides ag, gd are C 

equal to bg, gd, each to each ; and the angle 
AGD is equal to the angle BGD(Constr.); there- 
fore the base ad is equal to the base (i. 4.) db, 
and the straight line ab is divided into two 
equal parts in the point d. Which was to be 
done. 
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Prop. XL Pros. 

To draw a straight line at right angles to a given straight 
lineyfrom a given point in the same. 

Let AB be a given straight line, and o a point given in it ; 
it is required to draw a straight line from the point c at 
right angles to ab. 

Take any point d in ad, and (i. 3.) make ce equal to CD, 
and upon de describe (i. 1.) the equi- F 

lateral triangle dfe, and join fc ; the 
straight line f c drawn from the given 
point is at right angles to the given 
straight line ab. 

Because do is equal to ce, and fo 
common to the two triangles dcf, ecf;^ ^ 
the two sides dc, cf, are equal to the two ec, cf, each to 
each; and the base df is equal to the baseEF; therefore 
the angle dcf is equal (i. 8.) to the angle ecf ; and they 
are adjacent angles : but, when the adjacent angles which 
one straight line makes with another straight line are equal 
to one another, each of them is called a right (i. Def. 10.) 
angle ; therefore each of the angles dcf, ecf, is a right 
angle. Wherefore, from the given point c, in the given 
straight line ab, fc has been drawn at right angles to ab. 
Which was to be done. 

Cor. By help of this problem, it may be demonstrated 
that two straight lines cannot have a common segment. 

If it be possible, let the two straight lines abc, abd have 
the segment ab common to both of them. From the point 
B draw BE at right angles to ab; and because abc is a 
straight line, the angle cbe is equal (i. £ 

Def. 10.) to the angle eb a ; in the same j . 

manner, because abd is a straight line, I 

the angle dbe is equal to the angle j ^ 

EBA ; wherefore the angle dbe is equal 

to the angle cbe, the less to the greater, a bT c 

which is impossible ; therefore two straight lines cannot have 
a common segment. 
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Prop. XIL Prob. 

To draw a straight line perpendicular to a given straight 
line of an unlimited lengthy from a given point without it. 

Let AB be the given straight line, which may be produced 
to any length both ways, and let c be a point without it. It. 
is required to draw a straight line per- 
pendicular to AB from the point c. 

Take any point d upon the other 
side of ABj and from the centre C, at 
the distance CD, describe (Post. 3.) 
the circle egf meeting ab in f, G; 
and bisect (i. 10.) fg in h, and join 
CF, CH, CG; the straight line ch, drawn from the given 
point c, is perpendicular to the given straight line ab. 

Because fh is equal to hg, and hc common to the two 
triangles fhc, ghc, the two sides fh, hc are equal to the 
tw6 GH, HC, each to each ; and the base cf is equal (i. Def. 
15.) to the base CG; therefore the angle chf is equal (i. 8.) 
to the angle chg; and they are ac^acent angles; but when 
a straight line striding on a straight line makes the adjacent 
angles equal to one another, each of them is a right angle, 
and the straight line which stands upon the other is called a 
perpendicular to it (Def. 10.); therefore from the given 
point c a perpendicular ch has been drawn to the given, 
straight line ab. Which was to be done. 

Prop. XIH. Theor. 

The angles which one straight line makes with another 
upon the one side of ity are either two right angles, or are 
together equal to two right angles^ 

Let the straight line ab make with cd, upon one side of 
it, the angles cba, abd; these are either two idght angles, 
or are together equal to two right angles. 

For, if the angle cba be equal to abd, each of them is a 
right (Def. 10.) angle ; but, if not, from the point b draw 
be at right angles (i. 1 1.) to cd; there- a v. \ 

fore the angles c be, ebd are two right 
angles (Def. 10.); and because cbe is 
equal to the two angles cba, abe to- 
gether, add the angle ebd to each of 
these equals; therefore the angles cbe, ebd are equal (Ax. 
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2.) to the three angles cba, abe^ ebd. Again, because the 
angle dba is equal to the two angles dbe, eba, add to these 
equals the angle abc; therefore the angles DBA, abc are 
equal to the three angles dbe, eba, abc; but the angles 
q^e, EBD have been demonstrated to be equal to the same 
three angles; and things that are equal to the same are 
equal (Ak. 1.) to one another; therefore the angles c be, 
EBD are equal to the angles dba, a^c; but CBE, ebd are 
two right angles ; therefore dba, abc are together equal to 
two right angles. Wherefore, when a straight line, &c. 
Q.E.D. 

. Prop. XIV. Theor. 

If ^ at a point in a straight line^ two other straight lines, 
upon the opposite sides of it, make the adjacent angles 
together equal to two right angles^ these two straight lines 
shaU be in one and the same straight line. 

At the point b in the straight line ab, let the two straight 
lines BC, bd upon the opposite sides of 
AB, make the adjacent angles abc, abd, 
equal together to two right angles, bd 
is in the same straight line with cb. 

For, if BD be not in the same straight 
line with cb, let be be in the same 
straight line with it; therefore, because the straight line ab 
n^akes angles with the straight line cbe, upon one side of it, 
the angles abc, abe are together equal (i. 13.) to two right 
angles'; but the angles abc, ABD'are likewise together equal 
to two right angles (Hyp.); therefore the angles cba, abe 
are equal to the angles cba, abd. Take away the common 
angle abc, the remaining angle abe is equal (Ax. 3.) to the 
remaining angle abd, the less to the greater, which is im- 
possible; therefore be is not in the same straight line with 
BC. And, in like manner, it may be demonstrated that no 
other can be in the same straight line with it but bd, which 
therefore is in the same straight line with cb. Wherefore, 
if at a point, &c. Q. E. D. 

Prop. XV. Theor. 

If two straight lines cut one another, the vertical^ or op* 
posite, angles shall be equal. 

Let the two straight lines ab, od cQt one another in th« 
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point E ; the angle a EC shall be equal to the angle deb, and 

CEB to BAD. 

Because the straight line ae makes 
with CD the angles cea, aed, these 

angles are together equal (l 13,) to two A ^r;— B 

right angles. Again, because the straight ^s^ 

line DE«makes with ab the angles aed, D 

DEB, these also are together equal (i. 13.) to two right angles ; 
and CEA, AED have been demonstrated to be equal to two 
right angles; wherefore the angles cea, aed are equal to 
the angles aed, deb. Take away the common angle aed, 
and the remaining angle cea is equal (Ax. 3.) to the remain- 
ing angle deb. In the same manner it can be demonstrated 
that the angles ceb, aed are equal. Therefore if two straight 
lines, &c. Q. E. D. 

Cob. 1. From this it is manifest, that, if two straight lines 
cut one another, the angles thej make at the point where 
they cut, are together equal to four right angles. 

Cor. 2. And consequently that all the angles made bj any 
number of lines meeting in one point, are together equal to 
four right angles. 

Prop. XVL Theor. 

If one side of a triangle be produced, the exterior angle is 
greater than either of the interior opposite angles. 

Let ABC be a triangle, and let its side bc be produced to 
d, the exterior angle acd is greater than either of the in* 
terior opposite angles cba, bac. 

Bisect (l 10.) AC in E, join be and 
produce it to f, and make ef equal 
to BE ; join also FC, and produce AC 
to G. 

Because ae is equal to ec, and be 
to EF; AE, eb are equal to ce, ef, 
each to each ; and the angle aeb is 
equal (i. 15.) to the angle cef, be- ^ 

cause they are opposite vertical angles ; therefore the base 
AB is equal (l 4.) to the base cf, and the triangle aeb to the 
triangle cef, and the remaining angles to the remaining 
angles, each to each, to which the equal sides are oppo- 
site: wherefore the angle bae is equal to the angle ecf; 
but the angle ecd is greater than the angle ecf ; therefore 
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the angle aod is greater than bae. In the same manner, if 
the side bc be bisected, it may be demonstrated that the 
angle BCG, that is (l 15.), the angle aci>, is greater than the 
angle abc. Therdbrei if one side, &c. Q. £. D. 

Peop. xvn. Thbob, 

Ant/ two angles of a triangle are together less than two 
right angles. 

Let ABC be any triangle ; any two of 
its angles together are less than two 
right angles. 

Produce bc to d; and because a CD 

is the exterior angle of the triangle ^/^ ^ j^ 

ABC, A CD is greater (i. 16.) than flie C 

interior and opposite angle abc; to each of these add the 
angle acb; therefore the angles acd, acb are greater than 
the angles abc, acb; but acd^ acb are together equal (i. 
13.) to two right angles ; therefore the angles abc, bca are 
less than two right angles. In like manner, it may be de- 
monstrated, that bac, acb, as also cab, abc, are less than 
two right angles. Therefore any two angles, &C Q. E. D. 

Prop. XVm. Theor. 

The greater side of every triangle is opposite to the greater 
angle. 

Let ABC be a triangle, of which the side ^ 

AC is greater than the side ab ; the angle 
ABC is also greater than the angle bca. 

Because ac is greater than ab, make 
(i. 3.) AD equal to ab, and join bd ; and 
because adb is the exterior angle of the ^ 
triangle bdc, it is greater (i. 16.) than the interior and oppo- 
site angle dcb ; but ADB is equal (l 5.) to abd, because the 
side AB is equal to the side ad; therefore the angle abd is 
likewise greater than the angle acb ; wherefore much more 
is the angle abc greater than acb. Therefore the greater 
side, &c Q.E.D. 
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Pbop. XrX. Theor. 

The greater angle of every triangle U sttbtended hy the 
greater side, or has thfi greater side opposite to it. 

Let ABC be a triangle, of which the angle abc is greater 
than the angle bca ; the side ao is likewise greater than the 
side AB. 

For, if it be not greater, ac must either a 
be equal to ab, or less than it ; it is not 
equal, because then the angle abo would be 
equal (i. 5.) to the angle agb ; but it is not; 
therefore AC is not equal to ab ; neither is 
it less; because then the angle abc would 
be less (i. 18.) than the angle acb ; but it is not ; therefore 
the side ac is not less than ab ; and it has been shown that 
it is not equal to ab; therefore AC is greater than ab. 
Wherefore the angle. Sec. Q.E.D. 

Prop. XX. Theor. 

Any two sides of a triangle are together greater than the 
third side* 

Let ABO be a triangle ; anj two sides of it together are 
greater than the third side, viz, the sides ba, AC greater than 
the side bc ; and ab, BC greater than AC ; and BC, c A greater 
than AB. 

Produce ba to the point d, and make 
(i. 3.) AD equal to AC ; and join dg. 

Because da is equal to ac, the angle 
ADC is likeiyise equal (i. 5.) to acd; but 
the angle bcd is greater than the angle 
ACD; tiierefore the angle bcd is greater B c 

than the angle adc ; and because the angle BCD of the tri- 
angle dcb is greater than its angle bdc, and that the greater 
(i. 19.) side is opposite to the greater angle ; therefore the 
side db is greater than the side bc ; but db is equal to ba 
and AC ; therefore the sides ba, ac are greater than bo. In 
the same manner it may be demonstrated, that the aides AB, 
bc are greater than ca, and bc, ca greater t]ian ab. There- 
fore any two sides, &c. Q.E.D. 




BOOK L PB0P8. XXI. XXH. 19 



Prop. XXI. Theob, 

ijf, from the ends of the side of a triangle^ there be drawn 
two straight lines to a point within the triangle, these shall 
be less thof^ the other two sides of the triangle, but shall eon- 
tain a greater angle. 

Let the two straight lines Bi]i, CD be drawn from b, o, the 
ends of the side bc of the triangle abc^ tp the point d within 
it ; BD and DC are less than the other two sides ba, ac of the 
triangle, but coiitai];]| «& angle bdo greater than the angle 

BAC. 

Produce bd to s ; aiid because two sides of a triangle are 
greater thap the third 9ide, the two sides ba, A£ of the tri- 
angle ABE are greater than be, to each of these add sc ; 
therefore the sides ba, AC are greater than ^ 
BB, EC: Again, because the two sides ce, 
£D of the triangle ced are greater than cd, 
add DB to each of these ; therefore the sides 
ce, eb are greater than cd, db ; but it has 
been shown that ba, ac are greater than 
be, EC ; much more then are ba, ac greater 
than BD, DC 

Again, because the exterior angle of a triangle is greater 
than the interior and opposite angle (i. 16.), the exterior angle 
BDG of the triangle cde is greater than cbd; for the same 
reason, the exterior angle ceb of the triangle abe is greater 
than 9AC ; and it has been d^nonstrated that the angle bdo 
is greater than the angle ceb ; much more then is the angle 
BDC greater than the angle bac. Therefore, if from the 
ends of, &c Q. E. IX 

Prop, XXII, Prob. 

To make a triangle of which the sides shall be equal to 
three given straight lines, but any two whatever of these 
must be greater than the third, (i. 20.) 

Let A, b, c be the three given straight lines, of which any 
two whatever are greater than the third, viz. a and b greater 
than c ; A and c greater than b ; and B and c than A« It is 
required to make a triangle of which the sides shaU be ^qual 
to A, B, c, each to each. 
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Take a straight line de terminated at the point d, but un- 
limited towards e, and make (i. 3.) 
DF equal to a, Fo to b, and gh 
equal to c ; and from the centre 
F, at a distance fd, describe 
(Post. 3.) the circle dkl; and from 
the centre G, at the distance gh, 
describe (Post. 3.) another circle 
hlk; and join kf, kg; the tri* 
angle kfg has its sides equal to the three straight lines, a,b,c. 

Because .the point f is the centre of the circle dkl, fd is 
equal (Def. 15.) to fk ; but fd is equal to the straight line 
A ; therefore fk is equid to A : Again, because g is the centre 
of the circle lkh, gh is equal (Def. 15.) to gk ; but gh is 
equal to c ; therefore also gk is equal to c ; and fg is equal 
to B ; therefore the three straight lines kf, fg, gk, are equal 
to the three a, b, c : And therefore the triangle kfg has its 
three sides kf, fg, gk equal to the three given straight lines, 
A, B, c. Which was to be done. 

Peof. XXnL Peob 

At a given point in a given straight line, to make a recti- 
lineal angle eqiud to a given rectilineal angle. 

Let ab be the given straight line, and a the given point 
in it, and dge the given rectilineal angle ; it is required to 
make an angle at the given point 
A in the given straight line ab, 
that shall be equal to the given 
rectilineal angle dge. 

Take in od, oe any points d, 
e, and join de ; and make (l 22r) 
the triangle A FG the sidesof which 
shall be equal to the three straight 
lines CD, DE, CE, so that CD be 
equal to af, cb to ag, and de to 
FG; and because DC, CE are equal 
to FA, AG, each to each, and the base de to the base fg ; the 
angle dce is equal (l 8.) to the angle fag. Therefore, at 
the given point a in the given straight line ab, the angle fag 
is made equal to the given rectiline»&l angle dce. Wluch was 
to be done. 
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Prop. XXIV. Theor. 

If two triangles have two sides of the one eqtuil to two 
sides of the othety each to each, but the angle contained by 
the two sides of one of them greater than the angle contained 
4>y the two sides equal to them, of the other; the base of that 
which has the greater angle shall be greater than the base of 
the other* 

Let ABO, DEF be two triangles which have the two sides 
AB, AC equal to the two de, df, each to each, viz. ab equal 
to DE, and AO to df ; but the angle bao greater than the 
angle edf ; the base bo is also greater than the base ef. 

Of the two sides de, df, let de be the side which is not 
greater than the other, and at the point d, in the straight 
line DE, make (i. 23.) the angle edo equal to the angle bag; 
and make dg equal (i. 3.) to AC or df, and join eg, gf. 

Because ab is equal to de, and AC to dg, the two sides 
ba, AC are equal to the two ed, dg, each to each, and the 
angle bac is equal to the 
angle e d g ; therefore the base 
BC is equal (i. 4.) to the base 
eg ; and because dg is equal 
to df', the angle dfg is equal 
(i. 5.) to the angle dgf ; but 
the angle dgf is greater than 
the angle egf, therefore the 
angle dfg is greater than 
egf; and much more is the angle efg greater than the 
angle egf ; and because the angle efg of the triangle efg 
is greater than its angle egf, and that the greater (i. 19.) 
side is opposite to the greater angle ; the side e g is there- 
fore greater than the side ef f but eg is equal to bc ; and 
therefore also bc is greater than ef. Therefore, if two 
triangles, &c Q.E.D. 

Prop. XXV. Theob. 

If two triangles have two sides of the one equal to two 
sides of the other, each to each, but the base of the one greater 
than Hie base of the other; the angle also contained by the 
sides of that which has the greater base, shall be greater than 
the angle contained by the sides equal to them, of the other. 

Let ABC, DEF be two triangles which have the two sides 
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AB, AC equal to the two sides de, df, each to each, viz. ab 
equal to de, and ac to df; but the base cb is greater than 
the base ef; the angle bac is likewise greater than the 
angle edf. 

For, if it be not greater, it must either be equal to it, or 
less; but the angle bac is not equal to the angle edf, be- 
cause then the base bc would be 
equal (l 4.) to ef ; but it is not, 
therefore the angle bag is not 
equal to the angle edf ; neither 
is it less ; because then the base 
bc would be less (l 24.) than the 
base EF ; but it is not; therefore 
the angle bao is not less than ^ <^ 

the angle edf ; and it was shown that it is not equal to it ; 
therefore the angle bac is greater than the angle edf. 
Wherefore if two triangles, &c. Q.E.D. 

Prop. XXVL Theob. 

1/ two triangles have two angles of one equal to two 
angles of the other, each to each ; and one side equal to one 
side, viz, either the sides adjacent to the equal angles, or the 
sides opposite to equal angles in each ; then shall the other 
sides be equal each to each : and also the third angle of the 
one to the third angle of the other. 

Let ABC, def be two triangles which have the angles abc, 
bca equal to the angles def, bfd, viz. abc to def, and 
BCA to EFD; also one side equal to one side ; and first let 
those sides be equal which are adjacent to the angles that are 
equal in the two triangles, viz. bc ^ -j) 

to ef; the other sides shall b9 equal, 
each to each, viz. ab to de, and ac 
toDF; and the third angle bac to 
the third angle edf. 

For, if A B be not equal to de^ one 
of them must be the greater. Let 
AB be the greater of the two, and 
make bo equal to de, and join GC ; therefore, because bo 
is equal to de, and bo to ef (Hyp.), the two sides ob, bc are 
equal to the two de, bf, each to each ; and the angle obc is 
equal to the angle def ; therefore the base oc is equal (l 4.) 
to the base df, and the triangle obc to the triangle def. 
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and the otber angles to liie other angles, each to eAch, to 
which the equal sides are opposite; therefore the angle GOB 
is equal to the angle dfe; but dfe is, by the hypothesis, 
equal to the angle bga; wherefore aso the angle bog 
is equal to the angle bca, the less to the greater, which is 
impossible ; therefore ab is not unequal to de, that is, it is 
equal to it; and bc is equal to bf: therefore the two aB| 
BC are equal to the two de, ef, each to each ; and the angle 
ABC is equal to the angle def; the base therefore ao is 
equal (i. 4.) to the base df, and the third angle bag to the 
tlurd angle edf. 

Next, let the sides which are A D 

opposite to equal angles in each 
triangle be equal to one another, 
viz. AB to de; likewise in this 
case, the other sides shall be 
equal, AC to df, and bc to ef ; 
and also the third angle bac to b H C 
the third edf. 

For, if BC be not equal to ef, let bc be the greater of 
them, and make bh equal to ef, and join ah ; and because 
BH is equal to ef, and ab to de (Hyp.), the two ab, bh are 
equal to the two de, ef, each to each ; and they contain 
equal angles (Hyp.) ; therefore the base ah is equal to the 
base DF, and the triangle abh to the triangle def, and the 
other angles shall be equal, each to each, to which the equal 
sides are opposite; therefore the angle bha is equal to the 
angle efd; but efd is equal to the angle bca (Hyp.); 
therefore also the angle bha is equal to the angle bca, that 
is, the exterior angle bha of the triangle ahc is equal to its 
interior and opposite angle bca, which is impossible (i. 16.); 
wherefore Bcis not unequal to ef, that is, it is equal to it; 
and AB is equal to de (Hyp.) ; therefore the two ab, bc are 
equal to the two de, bf, each to each; and they contain 
equal angles; wherefore the base ac is equal to the base 
DF, and the third angle bao to the third angle edf. There- 
fore if two triangles, &c. Q. E. D. 



Prop. XXVII. Thbok. 

If a straight line falling upon two other straight lines 
makes the aUemate angles equal to one another^ these two 
straight lines shall be parallel. 

Let the straight line ef, which falls upon the two straight 
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lines AB, CD, make the alternate angles aef, efd equal to 
one another; ab is parallel to CD. 

For, if it be not parallel, ab and CD being produced, shall 
meet either towards b, d, or towards a, c ; let them be pro- 
duced and meet towards b, d in the point o; therefore gep 
is a triangle, and its exterior angle aep is greater (l 16.) 
than the interior and opposite / 

angle efg ; but it is also equal /^ E/ B _ 

toit (Pyp.), which is impossible: / ' — .... ^ 

therefore ab and cd being pro- C L _.-- " "^ 

duced do not meet towards b, d. I^ ^ 

In like manner it may be demon- / 

strated that thej do not meet towards AC ; but those straight 

lines which meet neither way, though produced ever so far, 

are parallel (Def. 35.) to one another, ab therefore is 

parallel to cd. Wherefore if a straight line, &c. Q. E. D. 



Prop. XXVIIL Theor. 

If a straight line falling upon two other straight lines 
makes the exterior angle equal to the interior and opposite 
upon the same side of the line ; or makes the interior angles 
upon the same side together equal to two right angles ; the 
two straight lines shall he parallel to one another. 

Let the straight line ef, which falls p, 
upon the two straight lines ab, CD, make 
the exterior angle egb equal to the in- 
terior and opposite angle ghd upon the 
same side ; or make the interior angles 
on the same side bgh, gud together 
equal to two right angles ; ab is parallel 
to CD. 

Because the angle egb is equal to the 
angle ghd, and the angle egb equal (i. 15.) to the angle 
AGH, the angle agh is equal to the angle ghd, and thej are 
the alternate angles ; therefore ab is parallel (i. 27.) to CD. 
Again, because the angles bgh, ghd are equfd (by Hyp.) to 
two right angles, and that agh, bgh are also equal (i. 13.) 
to two right angles, the angles agh, bgh are equal to the 
angles bgh, ghd: Take away the common angle bgh; 
therefore the remaining angle agh is equal to the remaining 
angle ghd, and they are alternate angles; therefore ab is 
parallel to c d (i. 27.). Wherefore if a straight line, &c. Q. £. D. 
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P^p. XXIX. Theor. 

If a straight line fall upon two parallel straight lines, it 
makes the alternate angles equal to one another ; and the 
exterior angle equal to the interior and opposite upon the 
same side ; and likewise the two interior angles upon the same 
side together egual to two right angles* 

Let the straight line ef fall upon the parallel straight 
lines AB, CD; the alternate angles agh, ghd are equal to 
one another; and the exterior angle egb is equal to the in- 
terior and opposite, upon the same side, 
GHD; and the two interior angles bgh, 
GHD upon the same side are together 
equal to two right angles. A — -^ B 

For, if AGH be not equal to ghd, one 

of them must be greater than the other ; C -^- D 

let AGH be the greater; and because A 

the angle agh is greater than the angle \ 

GHD, add to each of them the angle ^ 

bgh; therefore the angles agh, bgh are greater than the 
angles bgh, ghd; but the angles agh, bgh are equal (i. 13.) 
to two right angles ; therefore the angles bgh, ghd are less 
than two right angles ; but those straight lines which, with 
another straight line falling upon them, make the interior 
angles on the same side less than two right angles, do meet 
(Ax. 12.) together if continually produced; therefore the 
straight lines ab, cd, if produced far enough, shall meet ; 
but they never meet, since they are parallel by the hypo- 
thesis; therefore the angle agh is not unequal to the angle 
GHD, that is, it is equal to it; but the angle agh is equal 
(i. 15.) to the angle egb; therefore likewise egb is equal to 
GHD ; add to each of these the angle bgh ; therefore the 
angles egb, bgh are equal to the angles bgh, ghd; but 
EGB, BGH are equal (i. 13.) to two right angles; therefore 
also BGH, GHD are equal to two right angles. Wherefore, 
if a straight line, &c. Q. E. D. 

Prop. XXX. Theor. 

Straight lines which are parallel to the same straight line 
parallel to one another. 

Let AB, CD be each of them parallel to ef; ab is also 
parallel to cd. 

c 
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Let the straight line ohk cut ab, ef, gd; and because 
6HK cuts the parallel straight lines / 

AB, ef, the angle agh is equal (l 29.) A : — QL ^B 

to the angle ghf. Again, because the / 

straight line ghk cuts the parallel ^ y^ ^ 

straight lines ef, cd, the angle ghf q k/ j^ 

is equal (l29.) to the angle gkd; 7 

and it was shown that the angle agk ^ 

is equal to the angle ghf; therefore also agk is equal to 

GKD ; and they are alternate angles ; therefore a b is parallel 

(l 27.) to CD. Wherefore straight lines, &c. Q.E.D. 



Prop. XXXI. Prob. 

To draw a straight line through a given point parallel to 
a given straight line. 

Let A be the given point, and bc the given straight line ; 
it is required to draw a straight line ^ 

through the point A, parallel to the e 7 F 

straight line bc. 

Li BC take any point d, and join B =^ C 

AD ; and at the point A, in the straight 

line AD, make (l 23.) the angle dae equal to the angle ado ; 

and produce the straight line ea to f. 

Because the straight line ad, which meets the two straight 
lines BC, EF, makes the alternate angles ead, adc equal to 
one another, ef is parallel (l27.) to bc. Therefore the 
straight line eaf is drawn through the given point A parallel 
to the given straight line bc. Which was to be done. 

Prop. XX X TL Theor. 

If a side of any triangle he produced^ the exterior angle is 
eqvuil to the two interior and opposite angles ; and the three 
interior angles of every triangle are equal to two right 
angles. 

Let ABC be a triangle, and let one of its sides bc be pro- 
duced to D; the exterior angle acd is equal to the two 
interior and opposite angles cab, abc, and the three interior 
angles of the triangles, viz. abc, bca, cab, are together 
equal to two right angles. 
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. Through the point c draw CEparal- a £ 

lei (i. 31.) to the straight line ab ; 
and because ab is parallel to oe, and 
AC meets them, the alternate angles 
BAG, ACE are equal (i. 29.). Again, 
because ab is parallel to oe, and bd ^ 
falls upon them, the exterior angle ecd is equal to the in- 
terior and opposite angle abo ; but the angle ace was shown 
to be equal to the angle bac; therefore the whole exterior 
angle acd is equal to the two interior and opposite angles 
CAB, ABC; to these equals add the angle acb, and the 
angles acd, acb are equal to the three angles cba, bac, 
acb; but the angles acd, acb are equal (i. 13.) to two 
right angles; therefore also the angles cba, bac^ acb are 
equal to two right angles. Wherefore if a D 

side of a triangle, &c. Q.E. D. 

Cor. L All the interior angles of any rec- 
tilineal figure, together with four right angles, ^ 
are equal to twice as many right angles as 
the figure has sides. 

For any rectilineal figure abcde can be 
divided into as many triangles as the figure 
has sides, by drawing straight lines from a point f within the 
figure to each of its angles. And, by the preceding propo- 
sition, all the angles of these triangles are equal to twice as 
many right angles as there are triangles, that is, as there 
are sides of the figure ; and the same angles are equal to the 
angles of the figure, together with the angles at the point f, 
which is the common vertex of the triangles ; that is (Cor. 2. 
I. 15.), together with four right angles. Therefore all the 
angles of the figure, together with four right angles, are 
equal to twice as many right angles as the figure has sides. 

Cor. 2. All the exterior angles of any rectilineal figure, 
are together equal to four right angles. 

Because every interior angle abc, with 
its adjacent exterior A BD,'is equal (i. 13.) 
to two right angles ; therefore all the in- 
terior, together with all the exterior angles 
of the figure, are equal to twice as many 
right angles as there are sides of the figure ; 
that is, by the foregoing corollary, they are 
equal to all the interior angles of the figure, together with 

c 2 
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four right angles ; therefore all the exterior angles are equal 
to four right angles. 

Prop. XXXIIL Theor. 

The straight lines which join the extremities of two equal 
and parallel straight lines^ towards the sameparts^ are also 
themselves equal and parallel. 

Let AB, CD be equal and parallel straight lines, and joined 
towards the same parts by the straight A B 

lines AC, bd; ac, bd are also equal and 



.--' 



parallel. \ ..---'"^ \ 

Join BC ; and because ab is parallel to V--'*'' V 

CD, and BC meets them, the alternate ^ l> 

angles a bc, BCD are equal (i. 29.) ; and because ab is equal to 
CD (Hjp.), and bc common to the two triangles abc, dcb, the 
two sides ab, bc are equal to the two dc, cb; and the angle 
ABC is equal to the angle bcd ; therefore the base ac is 
equal (i. 4.) to the base bd, and the triangle abc to the tri- 
angle BCD, and the other angles to the other angles (i. 4.), 
each to each, to which the equal sides are opposite ; therefore 
the angle acb is equal to the angle cbd ; and because the 
straight line bc meets the two straight lines ac, bd, and 
makes the alternate angles acb, cbd equal to one another, 
AC is parallel (i. 27.) to bd ; and it was shown to be equal 
to it. Therefore, straight lines, &c. Q.E.D. 

Prop. XXXTV. Theor. 

Tlie opposite sides and angles of parallelograms are equal 
to one another, and the diameter bisects them, that is, divides 
them in two equal parts, 

N. B. — A parallelogram is a four-sided 6«;ure, of which the opposite 
sides are parallel ; and the diameter is the straight line joining two of its 
opposite angles. 

Let ACDB be a parallelogram, of which bc is a diameter ; 
the opposite sides and angles of the figure are equal to one 
another; and the diameter bc bisects it. 

Because ab is parallel to CD, and bc meets them, the 
alternate angles abc, bcd are equal . 
(i.29.) to one another; and because AC 
is parallel to bd, and bc meets them, the 
alternate angles acb, cbd are equal (l 
29.) to one another ; wherefore the two 
triangles abc, cbd have two angles abc. 
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BGA in one, equal to two angles bgd, gbd in the other, each 
to each, and one side bo common to the two triangles, which 
is adjacent to their equal angles ; therefore their other sides 
shall be equal, each to each, and the third angle of the one 
to the third angle of the other (l 26.), viz. the side ab to the 
side GD^ and ag to bd, and the angle bag equal to the angle 
bd€ : And because the angle abg is equal to the angle bod, 
and the angle gbd to the angle agb, the whole angle abd is 
equal to the whole angle agd: And the angle bag has been 
shown to be equal to the angle bdg; ther^ore the opposite 
sides and angles of parallelograms are equal to one another ; 
also, their diameter bisects them ; for ab being equal to gd, 
and BG common, the two ab, bg are equal to the two dg, gb, 
each to each ; and the angle abg is equal to the angle bgd ; 
therefore the triangle abg is equal (i. 4.) to the triangle 
bgd, and the diameter bg divides the parallelogram agdb 
into two equal parts. Q* £• D. 

Peop. XXXV. Theob. 

Parallelograms upon the same base and between the same 
parallels^ are equal to one another* 

Let the parallelograms abgd, ebgf (see the 2d and 3d 
figures) be upon the same base bg, and between the same 
parallels af, bg; the parallelogram abgd shall be equal to 
the parallelogram ebgf. 

If the sides ad, df of the parallelograms abgd, dbgf 
opposite to the base bo be ter- ^ j^ p 

minated in the same point d; 
it is plain that each of the pa- 
rallelograms is double (l 34.) of \ / 
the triangle bdg ; and they are 
therefore equal to one another. B 

But, if the sides ad, ef, opposite to the base bg of the pa- 
rallelograms abgd, ebgf, be not terminated in the same point; 
then, because abgd is a parallelogram, ad is equal (i. 34.) to 

a de f aedf 
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BO ; for the same reason bf is equal to bc; wherefore ad is 
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equal (Ax. 1.) to ef; and de is common ; therefore the whole, 
or the remainder, ae is equal (Ax. 2. or 3.) to the whole, or the 
remainder df; ab also is equal to i>C; and the two ea, ab 
are therefore equal to the two fd, dg, each to each; and the 
exterior angle pdc is equal (l 29.) to the interior eab, there- 
fore the hase EB is equal to the hase fg, and the triangle eab 
equal (i. 4.) to the triangle fdg; take the triangle fdg from 
the trapezium abgf, and from the same trapezium take the 
triangle eab; the remainders, therefore, are equal (Ax. 3.), 
that is, the parallelogram abgd is equal to the parallelogram 
ebgf. Therefore, parallelograms upon the same base, &c. 
Q. E. D. 

Peop. XXXVI. Theob. 

Parallelograms upon equal hases^ and between the same 
parallels^ are equal to one another. 

Let ABGD, EFGH be parallelograms 
upon equal bases bg, fg, and between the 
same parallels ah, bg; the parallelogram 
ABGD is equal to efgh. 

Join BE, GH ; and because bo is equal 
to FG, and FG to (i. 34.) eh, bg is equal 
to EH ; and they are parallels, and joined towards the same 
parts by the straight lines be, gh : But straight lines which 
join equal and parallel straight lines towards the same parts, 
are themselves equal and parallel (l 33.) ; therefore eb, ch 
are both equal and parallel, and ebgh is a parallelogram ; 
and it is equal (l 35.) to abgd, because it is upon the same 
base bg, and between the same parallels bg, ad : For the like 
reason, the parallelogram efgh is equal to the same ebgh: 
Therefore also the parallelogram abgd is equal to efgh. 
Wherefore parallelograms, &c. 

Prop. XXXVn. Theor. 

Triangles upon the same base, and between the same 
parallels, are equal to one another. 

Let the triangles a bg, DBG.be upon the same base bg and 
between the same parallels AD, bg: The e A D F 

triangle abg is equal to the triangle \" 'rs""7T ^ 

DBG. \ I )^\ / 

Produce ad both ways to the points **\^ //\\ / 
e, f, and through b draw (i. 31.) be \i/ ^' 

parallel to ga; and through g draw cf ^ ^ 
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parallel to bd : Therefore each of the figures ebca^dbcfIs 
a parallelogram ; andEBCA is equal (i. 35.) to dbof, be- 
cause they are upon the BBsxye base bg^ and between the same 
parallels bo, ef; and the triangle abg is the half of the 
parallelogram ebca^ because the diameter ab bisects it (i. 
34.) ; and the triangle dbg is the half of the parallelogram 
DBGF, because the diameter DG bisects it: But the halves 
of equal things are equal (Ax. 7.) ; therefore the triangle 
ABG is equal to the triangle dbg. Wherefore triangles, &c. 
Q.E.D. 

Peop. XXXVm. Theoe. 

Triangles upon equal bases, and between the same paral- 
iels, are equal to one another. 

Let the triangles abg, def be upon equal bases bg, ef, 
and between the same parallels bf, ad : The triangle abg is 
equal to the angle def. 

Produce ad both ways to the point G, h, and through b 
draw BG parallel (i. 31.) to ga, and through f draw fh 
parallel to ed : Then each of the figures g a d h 
GBGA, DEFH is a parallelogram ; and . 
they are equal to (i. 36.) one another, be- ' 
cause they are upon equal bases bg, ef, 
and between the same parallels bf, gh ; 
and the triangle abg is the half (i. 34.) of b C E 
the parallelogram gbga, because the dia- f 

meter ab bisects it ; and the triangle def is the half (i. 34.) 
of the parallelogram deh, because the diameter df bisects 
it : But the halves of equal things are equal (Ax. 7.) ; 
therefore the triangle abg is equal to the triangle def. 
Wherefore triangles, &c. Q.E.I). 



Prop. XXXIX. Theor. 

Equal triangles upon the same base, and upon the same 
side ofity are between the same parallels. 

Let the equal triangles abg, dbg be upon the same base 
bg, and upon the same side of it ; they are between the same 
parallels. 

Join ad: ad is parallel to bg ; for, if it is not, through 
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the point a draw (i. 31.) ae parallel to bg, and join ec : The 
triangle abc is equal (i. 37.) to the triangle ebc, because it 
is upon the same base bo, and between the 
same parallels bc, ae : But the triangle abc 
is equal to the triangle bdc (Hyp.); therefore 
also the triangle bdc is equal to the triangle 
EBC, the greater to the less, which is impos- 
sible : Therefore ae is not parallel to na 
In the same manner, it can be demonstrated 
that no other line but ad is parallel to bc ; ad is therefore 
parallel to it. Wherefore equal triangles upon, &c. Q.E. D. 



Prop. XL. Thbob. 

EqtLal triangles upon equal bases, in the same straight 
line, and towards the same partSt are between ^ satne 
parallels. 

Let the equal triangles abc, def be upon equal bases bc, 
EF, in the same straight line bf, a D 

and towards the same parts; they /^--III" — 1\ 

are between the same parallels. / \ 'oTrN. 

Join AD ; AD is parallel to BC : / \ \ *^^ 
For, if it is not, through A draw g / \ \ \. p. 
(i. 31.) AG parallel to bf, and join C E 

gf; the triangle abc is equal (l 38.) to the triangle 6BF» 
because they are upon equal bases bc, ef, and between the 
same parallels bf, ag : But the triangle abc is equal to the 
triangle def (Hyp.); therefore also the triangle def is equal 
to the triangle gef, the greater to the less, which is impos- 
sible : Therefore ag is not parallel to bf : And in the same 
manner it can be demonstrated that there is no other parallel 
to it but AD ; AD is therefore parallel to bf. Wherefore 
equal triangles, &c. Q. £. D. 



Prop. XLL Theor. 

If a parallelogram and triangle be upon the same base^ 
and between the same parallels ; the parallelogram shall be 
double of the triangle. 

Let the parallelogram abcd and the triangle ebc be upon 
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the same base bc, and between tbe same 
parallels bc, ae; the parallelogram 
ABO B is double of the triangle ebc. 

Join AG ; then the triangle a bo is 
equal (i. 37.) to the triangle ebo, because 
thej are upon the same base bo, and 
between the same parallels bo, ae. But the parallelogram 
abgd is double (i. 34.) of the triangle abg, because the dia- 
meter AO divides it into two equal parts; wherefore abgd 
is also double of the triangle ebo. Therefore if a parallelo- 
gram, &c. Q. E. D. 



B 



Prop. XLIL Prob. 

To describe a parallelogram that shall he equal to a given 
triangle^ and have one of its angles equal to a given recti- 
lineal angle. 

Let ABO be the given triangle, and d the given rectilineal 
angle. It is required to describe a parallelogram that shall 
be equal to the given triangle a bo, and have one of its angles 
equal to d. 

Bisect (i. 10.) BO in e, join ae, and at the point e in the 
straight line eg make (i. 23.) the angle gef equal to d; and 
through A draw (i. 31.) AG parallel to eg, 
and through o draw gg (i. 31.) parallel to 
EF : Therefore fegg is a paraUelogram : 
And because be is equal to eg, the triangle 
ABE is likewise equal (i. 38.) to the triangle 
AEG, since they are upon equal bases be, 
E0« and between the same parallels bg, ag ; therefore the 
triangle abg is double of the triangle a eg. And the paral- 
lelogram PBOG is likewise double (i. 41.) of the triangle 
AEG, because it is upon the same base, and between the same 
parallels : Therefore the same parallelogram fegg is equal 
to the triangle abg, and it has one of its angles gef equal to 
the given angle d : Wherefore there has been described a 
parallelogram fegg equal to a given triangle abg, having 
one of its angles gef equal to the given angle d. Which 

was to be done. 
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Prop. XLIII. Theob. 

The complements of the parallelogram which are about 
the diameter of any parallelogram^ are equal to one another. 

Let ABCB be a parallelogram, of wfaicli the diameter is AC, 
and EH, FG the parallelograms about a H D 

AC, that is, through which AC passes^ 
and BK, KD the other parallelograms 
which make up the whole figure A BCD, 
which are therefore called the comple- 
ments : The complement bk is equal to 
the complement kd. 

Because abcd is a parallelogram, and ac its diameter, the 
triangle abc is equal (l34.) to the triangle adc: And, be- 
cause EKHA is a parallelogram, the diameter of which is ak, 
the triangle aek is equal to the triangle ahk: By the same 
reason, the triangle kgc is equal to the triangle kfc : Then, 
because the triangle aek is equal to the triangle ahk, and 
the triangle kgc to kfc; the triangle aek together with 
the triangle kgc is equal to the triangle ahk together with 
the triangle kfc : But the whole triangle abc is equal to the 
whole ADC ; therefore the remaining complement bk is equal 
to the remaining complement kd. Wherefore the comple- 
ments, &c. Q E.D. 

Prop. XLIV. Pbob. 

To a given straight line to apply a parallelogram, which 
shall be equal to a given triangle, and nave one of its angles 
equal to a given rectilineal angle. 

Let ab be the given straight line, and c the given triangle, 
and D the given rectilineal angle. It is required to apply to 
the straight line ab a parallelogram equal to the triangk c, 
and having an angle equal to d. 

Make (l 42.) the paral- 
lelogram BEFG equal to the 
triangle c, and having the 
angle ebg equal to the 
angle d, so that be be in 
the same straight line with 
ab, and produce fg to h ; 
and through a draw (l 31.) 
ah paralld to bg or ef, and join hb. Then because the 
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Straight line hf falls upon the parallels ah, ef, the angles 
AHF, HFE, are together equal (i. 29.) to two right angles; 
wherefore the angles bhf, hfe are less than two right 
angles : But straight lines which with another straight hne 
make the interior angles upon the same side less than two 
right angles, do meet (Ax. 12.) if produced far enough : 
Therefore hb, fe shall meet, if produced; let them meet in 
E, and through k draw kl parallel to e a or fh, and produce 
HA, GB to the points l, m: Then hlkf is a parallelogram, ^ 
of which the diameter is hk, and ag, he are the parallelo- 
grams ahout HK ; and lb, bf are the complements; therefore 
I.B is equal (i. 43.) to bf: But bf is equal to the triangle c; 
wherefore lb is equal to the triangle c; and because the 
angle gbe is equal (l 15.) to the angle abm, and likewise to 
the angle d (Constr.) ; the angle abm is equal to the angle d: 
Therefore the parsdlelogram lb is applied to the , straight 
line AB, is equal to the triangle c, and has the angle abm 
equal to the angle d : Which was to be done. 

Prop. XLV. Prob. 

To describe a parallelogram equal to a given rectilineal 
figure^ and having an angle equal to a given rectilineal 
angle. 

Let A BCD be the given rectilineal figure, and e the given 
rectilineal angle. It is required to describe a parallelogram 
equal to abod, and having an angle equal to e. 

Join DB, and describe (i. 42.) the parallelogram fh equal 
to the triangle adb, and having the angle hkf equal to the 
angle e ; and to the straight line gh apply (i. 44.) the paral- 
lelogram GM equal to the triangle dbc, having the angle 
G H M equal to the angle e : and because the angle e is equal 
to each of the angles fkh, ghm, the angle fkh is equal to 
GHM; add to each of these the angle khg; therefore the 
angles fkh, khg are equal to the angles khg, ghm; but 
fkh, khg are equal (l 29.) 
to two right angles : there- 
fore also KHG, ghm are 
equal to two right angles ; 
and because at the point h 
in the straight line gh, the 
two straight lines kh, hm 
upon the opposite sides of 
it make the adjacent angles 
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equal to two right angles, kh is in the same straight line 
(i. 14.) with HM ; and because the straight line hg meets the 
parallels km, fg, the alternate angles hhg, hgf are equal 
(i. 29.) : Add to each of these the angle hgl : Therefore the 
angles mhg, hgl are equal to the angles hgf, hgl : Bat 
the angles mhg, hgl are equal (i. 29.) to two right angles ; 
wherefore also the angles hgf, hgl are equal to two ri^ht 
angles, and fg is therefore in the same straight line with 
GL (i. 14.) : And because kfIs parallel to hg (Constr.), and 
HG to ml; kfIs parallel (l 30.) to ml: and km, fl are 
parallels; wherefore kflm is a parallelogram ; and because 
the triangle abd is equal to the parallelogram hf, and the 
triangle dbc to the parallelogram gm ; the whole rectilineal 
figure A. BCD is equal to the whole parallelogram kflm ; 
therefore the parallelogram kflm has been described equal 
to the given rectilineal figure abcd, having the angle fkk 
equal to the given angle £. Which was to be done* 

Cor. From this it is manifest how to a given straight line 
to apply a parallelogram, which shall have an angle equal to 
a given rectilineal angle, and shall be equal to a given recti- 
lineal figure, viz. by applying (i, 44.) to the given straight 
line a parallelogram equid to the first triangle abd, and 
having an angle equal to the given angle. 

Pbop. XLVL Peob. 
To describe a square upon a given straight Une, 

Let AB be the given straight line; it is required to 
describe a square upon ab. 

From the point A draw (l 11.) ac at right angles to ab ; 
and make (l 3.) ad equal to ab, and through the poipt d 
draw DE parallel (l 31.) to ab, and through b draw be 
parallel to ad; therefore adeb is a parallelogram: whence 
AB is equal (l 34.) to de, and ad to be : But q 
BA is equal to AD ; therefore the four straight 
lines BA, AD, DE, £B are equal to one another, D 
and the parallelogram adeb is equilateral, 
likewise all its angles are right angles; be- 
cause the straight line ad meeting the parallels 
AB, DE, the angles bad, ade are equal (l 29.) ^ 
to two right angles; but bad is a right angle; therefore 
also ADE is a right angle ; but the opposite angles of paral- 
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lelograms are equal (i. 34.) ; therefore each of the opposite 
angles a be, bed is a right angle ; wherefore the figure adeb 
is rectangular, and it has been demonstrated that it is equi- 
lateral ; it is therefore a square (Def. 30.), and it is described 
upon the given straight line ab. Which was to be done. 

Cob. Hence every parallelogram that has one right angle 
has all its angles right angles. 
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Prop. XLVII. Theor. 

In any right angled trianglcy the square which is de^ 
scribed upon the side subtending the right angle^ is equal to 
the squares described upon the sides which contain the right 
angle. 

Let ABO be a right angled triangle having the right angle 
BAC ; the square described upon the side bo is equal to the 
squares described upon ba, ao. 

On BO describe (i.46.) the square bdec, and on ba, ao 
the squares gb, ho ; and through A draw (i. 31.) al parallel 
to bd or OE, and join ad, fo; then, because each of the 
angles bao, bag is a right angle 
(Def. 30.), the two straight lines ao, 
AG upon the opposite sides of ab, 
make with it at the point a the adja- 
cent angles equal to two right angles ; 
therefore o A is in the same straight 
line (i. 14.) with AG; for the same 
re^ason, ab and ah are in the same 
straight line ; and because the angle 
dbo is equal to the angle fba, each 
of them being a right angle, add to 
each the angle a bo, and the whole 
angle dba is equal (Ax. 2.) to the whole fbo ; and because 
the two sides ab, bd are equal to the two fb, bo, each to 
each, and the angle dba equal to the angle fbo; therefore 
the base ad is equal (i. 4.) to the base fo, and the triangle 
abd to the triangle fbo: 'Now the parallelogram bl is 
double (i. 41.) of the triangle abd, because they are upon 
the same base bd, and between the same parallels, bb, al; 
and the square gb is double of the triangle fbo, because 
these also are upon the same base fb, and between the same 
parallels fb, go. But the doubles of equals are equal (Ax. 6.) 
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to one another : Therefore the parallelogram bl is equal 
to the square gb : And, in the same manner, by joining ab, 
BK, it is demonstrated that the parallelogram cl is equal to 
the square hg : Therefore the whole square bdeo is equal 
to the two squares gb, hg ; and the square bdeg is described 
upon the straight line bg, and the squares gb, hg upon ba, 
AG: Wherefore the square upon the side bg is equal to the 
squares upon the sides ba, AG. Therefore, in any right 
angled triangle, &C. Q.E.D. 

♦ 

Pbop. XLVm Theor. 

If the square described upon one of the sides of a triangle, 
be equal to the squares described upon the other two sides of 
it; the angle contained by these two sides is a right angle* 

If the square described upon bg, one of the sides of the 
triangle abg, be equal to the squares upon the other sides 
BA, AG, the angle bag is a right angle. 

From the point A draw (i. 11.) ad at right angles to AC, 
and make ad equal to ba, and join dg : Then, because da 
is equal to ab, the square of da is equal 
to the square of ab : To each of these add P 

the square of AG ; therefore the squares of ./\ 

DA, AG, are equal to the squares of ba, / \ 

AG : But the square of dg is equal (i. 47.) 
to the squares of da, ag, because dag is 
a right angle; and the square of bg, by 
hypothesis, is equal to the squares of ba, 
AG ; therefore the square of dg is equal to the square of bc; 
and therefore also the side dg is equal to the side bg. And 
because the side da is equal to ab, and ag common to the 
two triangles dag, bag, the two da, ag are equal to the 
two BA, AG ; and the base dg is equal to the base bg ; there- 
fore the angle dag is equal (i. 8.) to the angle bag : But 
DAG is a right angle ; therefore also bag is a right angle. 
Therefore, if the square, &c. Q. E. D. 
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L 

EvEBT right angled parallelogram is said to be contained by 
any two of the straight lines which contain one of the right 
angles. 

n. 

In every parallelogram, any of the parallelograms about a 
diameter, together with the two ^ £ D 

complements, is called a Gnomon. 
" Thus the parallelogram hg, toge- 
ther with the complements af, fc, 
is .the gnomon, which is more 
briefly expressed by the letters 
AGK, or EHC, which are at the opposite angles of the pa- 
rallelograms which make the gnomon." 
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Pbop. I. Theob. 



If there be two straight Imes^ one of which is divided into 
any number of parts ; the rectangle contained by the two 
straight lineSy is equal to the rectangles contained by the 
undivided lincy and the several parts of the divided line. 

Let A and bc be two straight lines ; and letBC be divided 
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into any parts in the points d, e ; the rectangle contained by 
the straight lines a, bc is eqaal to the 
rectangle contained by a, bd, toge- 
ther with that contained by a, de, 
and that contained by a, eg. 

From the point b draw (l 11.) bp 
at right angles to bc, and make bg 
equal (l 3.) to A ; and through g draw 
(l 31.) GH parallel to bc ; and through 
D, E, c^ draw (l 31.) dk, el, ch pa- 
rallel to BG ; then the rectangle bh is equal to the rectangles 
bk, dl, EH; and bh is contained by a, bc, for it is con- 
tained by GB, BC, and gb is equal to A ; and bk is contained 
by A, BD, for it is contained by gb, bd, of which gb is equal 
to A; and dl is contained by a, de, because dk, that is (i. 34;) 
BG, is equal to a; and in like manner the rectangle eh is 
contained by a,ec: Therefore the rectangle contained by 
A, BC is equal to the several rectangles contained by a, bp, 
and by A,DE ; and also by a, EC. Wherefore, if there be 
two straight lines, &c. Q.E.D. 

Prop. II. Theob. 

If a straight Une be divided into any two partSy the rect- 
angles contained by the whole and ea>ch of the parts are 
together equal to the square of the whole line. 

Let the straight line ab be divided into any two parts in 
the point c ; the rectangle contained by ab, 
BC, together with the rectangle* ab, ac, 
shall be equal to the square of ab. 

Upon AB describe (l 46.) the square adeb, 
and through c draw (l 31.) cf parallel to ad 
or be; then ae is equal to the rectangles 
AF, ce; and ae is the square of ab; and 
AF is the rectangle contained by ba, AC; for 
it is contained by da, ag, of which ad is 
equal to ab ; and ge is contained by ab, bc, for be is equal 
to AB ; therefore the rectangle contained by A b, AC together 
with the rectangle ab, bc, is equal to the square of ab. If 
therefore a straight line, &c. Q.E.D. 

* N. B. — To avoid repeating the word contained too frequently, the 
rectangle contained by two straight lines ab, ac is sometimes simply 
called the rectangle ab, ac. 
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Prop. III. Theor. 

If a straight line be divided into any two partSy the 
rectangle contained by the whole and one of the farts is 
equal with the rectangle contained by the two partSy together 
tvith the square of the aforesaid part. 

Let the straight line ab be divided into two parts in the 
point c ; the rectangle ab, bg is equal to the rectangle AC^ 
GB, together with the square of bg. 

Upon BG describe (i. 46.) the square ODE B, ^ q g 

and produce ed tp f, and through a draw 
(i. 31.) AF parallel to gd or be ; then the 
rectangle ae is equal to the rectangles ad, 
ce ; and ae is the rectangle contained by 
ab, BG, for it is contained by ab, be, of 
which BE is equal to bg; and ad is con- 
tained by AG^ GB, for GD is equal to gb; and db is the 
square of bg ; therefore the rectangle ab, bg is equal to the 
rectangle AG, gb together with the square of bg. K there- 
fore a straight, &c. Q. E. D. 



Pr6p. rV, Theob. 

If a straight line be divided into any two parts, the 
square of the whole line is equal to the squares of the two 
parts, together with twice me rectangle contained by the 
parts. 

Let the straight line ab be divided into any two parts in 
0; the square of ab is equal to the squares of ag, gb, to- 
gether with twice the rectangle contained by AG, gb. 

Upon AB describe (i. 46.) the square adeb, and join bd, 
and through G draw (l 31.) gof parallel to ad or be, and 
through 6 draw hk parallel to ab or de: And because gf 
is parallel to ad, and bd falls upon them, the exterior angle 
B6G is equal (i.29.) to the interior and opposite angle 
ADB ; but ADB is equal (i. 5.) to the angle abd, because ba 
is equal to ad, being sides of a square ; wherefore the angle 
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GGB is equal to the angle obc; atid 
therefore the side bc is equal (l 6.) to 
the side CG : But cb is equal (i. 34.) also 
to GE, and CG to bk; wherefore the „ 
figure c GKB is equilateral : It is likewise 
rectangular; for CG is parallel to be, 
and c B meets them ; the angles k b c, g c b 
are therefore equal to two right angles ; j^ p 'e 

and EBG is a right angle; wherefore gcb 
is a right angle; and therefore also the angles (i. 34.) cgk, 
GKB opposite .to these, are right angles, and cgkb is rect- 
angular: But it is also equilateral, as was demonstrated; 
wherefore it is a square, and it is upon the side cb : For the 
same reason hf also is a square, and it is upon the side hg, 
which is equal to ac : therefore hp, ck are the squares of 
AC, CB ; and because the complement ag is equal (l 43.) to 
the complement ge, and that ag is the rectangle contained by 
AC, CB, for GC is equal to cb ; Therefore ge is also equal to 
the rectangle ac, cb ; wherefore ag, ge are equal to twide 
the rectangle ac, cb : And hf, ck are the squares of ac, 
cb ; wherefore the four figures hf, ck, AG, ge are equal to 
the squares of ac, cb, and to twice the rectangle ac, Ob : 
But HF, CK, AG, GE make up the whole figure adeb, which 
is the square of ab : Therefore the square of ab is equal 
to the squares of ac, cb and twice the rectangle ac, cb. 
Wherefore if a straight line, &c. Q.E.D. 

Cob. From the demonstration, it is manifest that the 
parallelograms about the diameter of a square are likewise 
squares. 

Pkop. V. Theob. 

If a straight line be divided into two equal partSy and 
also into two unequal parts ; the rectangle contained by the 
unequal partSy together with the square of the line between 
the points ofsection^ is eqtcal to the square of half the line. 

Let the straight line ab be divided into two equal parts in 
the point c, and into two unequal parts at the point d ; the 
rectangle ad, db, together with the square of CD, is equal ,io 
the square of CB. 

Upon CB describe (l 46.) the square cefb, join be, and 
through D draw (l j31.) dhg parallel to ce or bf; and 
through h draw klm parallel to cb or ef ; and also through 
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A draw AK parallel to cl or bm ; and because the comple- 
ment CH is equal (i. 43.) to the complement hf, to each of 
these add dm ; therefore the whole cm a C D B 

is equal to the whole dp ; but cm is j 71 ["7 

equal (i. 36.) to al, because ac is K = S^M 

equal to CB; therefore also al is / 

equal to dp. To each of these add x 

c^ and the whole ah is equal to dp E G F 

and CH : But ah is the rectangle contained by ad, bd, for 
DH is equal (n. 4. Cor.) to db; and dp, together with ch, 
is the gnomon cmg; therefore the gnomon gmg is equal to 
the rectangle ad, db : To each of these add lg, which is 
equal (n. 4. Cor.) to the square of CD, therefore the gnomon 
QMG, together with lg, is equal to the rectangle ad, db, to- 
gether with the square of CD : But the gnomon cmg and lg 
make up the whole figure cepb, which is the square of cb : 
Therefore the rectangle ad, db, together with the square of 
CD, is equal to the square of cb. Wherefore, if a straight 
line, &c. Q. E. D. 

Cob. From this proposition it is manifest, that the dif- 
ference of the squares of two unequal lines AC, CD, is equal 
to the rectangle contained by their sum and difference. 

Prop. VL Theob. 

If a straight line be bisected^ and produced to any point; 
the rectangle contained by the whole line thtis produced^ and 
the part of it produced^ together with the square of half the 
line bisected, is equal to the square of the straight line, which 
is made up of the half and the part produced. 

Let the straight line ab be bisected in c, and produced to 
the point d ; the rectangle ad, db, together with the square 
of CB, is equal to the square of cd. 

Upon CD describe (i. 46.) the square cepd, join de, and 
through B draw (i. 31.) bhg pai*allel to ce or dp, and 
through H draw klm parallel to ad or ep, and also through 
A draw AK parallel to cl or dm: 
and because ac is equal to cb, the ^ ^ ^ ^' 

rectangle al is equal (i. 36.) to 

CH ; but CH is equal (i.43.) to hp ; K' ^ ^ — IM 

therefore also al is equal to hp: 
To each of these add cm ; therefore 

the whole am is equal to the gnomon ^ ^— ^ 

CMG : And am is the rectangle con- 
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tained by ad, db, for dm is equal (il 4. Cor.) to db : There" 
fore the gnomon cmo is equal to the rectangle ad, db : Add 
to each of these lg, which is equal to the square of cb, 
therefore the rectangle ad, db, together with the square of 
CB, is equal to the gnomon cmg and the figure lg : But the 
gnomon cmg and lg make up the whole figure cefd, which 
is the square of cd ; therefore the rectangle ad, db, together 
with the square of cb, is equal -to the square of cd. Where- 
fore, if a straight line, &c. Q*E.D. 



Prop. VIL Theor. 

If a straight line be divided into any two partSy the squares/ 
of the whole line, and one of the parts, are equal to twice the 
rectangle contained by the whole and that part, together with 
the square of the other part. 

Let the straight line ab be divided into any two parts in 
the point c ; the squares of ab, bc are equid to twice the 
rectangle ab, bc, together with the square of ac. 

Upon AB describe (i. 46.) the square adeb, and construct 
the figure as in the preceding propositions : And because a a 
is equal (l 43.) to ge, add to each of them ck ; the whole 
AK is therefore equal to the whole ce; 
therefore ak, ce are double of ak ; but 
AE, CE are the gnomon akf, together 
with the square ck, therefore the gnomon 
AKF, together with the square ck, is 
double of AK : But twice the rectangle 
AB, BC is double of ak, for bk is equal 
(n. 4. Cor.) to bc : Therefore the gnomon 
AKF, together with the square ck, is equal to twice the 
rectangle ab^ bc : To each of these equals add hf, which is 
equal to the square of ac ; therefore the gnomon akf, toge- 
ther with the squares ck, hf, is equal to twice the rectangle 
▲b, bc, and the square of ac : But the gnomon akf, together 
with the squares ck, hf, make up the whole figure adeb 
and OK, which are the squares of ab and bc : Therefore the 
squares of ab and bc are equal to twice the rectangle A b, bc, 
together with the squares of Aa Wherefore, if a straight 
line^&c Q.E.D. 
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Prop. VITL Theor. 

■ 

If a straight line be divided into any two parts, four times 
the rectangle contained by the whole line, and one of the 
parts, together with the square of the other part, is equal to 
the square of the straight line which is made up of the whole 
and that part 

Let the straight line ab be divided into any two parts in 
the point c ; four times the rectangle ab, bc, together with 
the square of a c, is equal to the square of the straight line 
made up of a b and bc together. 

Produce ab to d, so that bd be equal to gb, and upon ad 
describe the square aefd ; and construct two figures such as 
in the preceding. Because ob is equal to bd, and that cb is 
equal (i. 34.) to gk, and bd to kn ; therefore gk is equal 
to &N : For the same reason, pb is equal to RO ; and because 
CB is equal to bd, and gk to rn, the rectangle ck is equal 
(i. 36.) to BN, and gb to rn : But ck is equal (i. 43.) to rn, 
because they are the complements of the parallelogram co ; 
therefore also bn is equal to gr, and the four rectangles bn, 
ck, GR, RN are therefore equal to one another, and so are 
quadruple of one of them ck : Again, because CB is equal to 
BD, and that bd is equal (n. 4. Cor.) 

to BK, that is, to CG; and cb equal ^ C B D 

to GK, that (n. 4. Cor.) is, to gp ; 
therefore cg is equal to gp : and be- M 
cause CG is equal to gp, and pr to RO, 
the rectangle ag is equal to mp, and 
PL to RP : But MP is equal (i. 43.) t(^ 
PL, because they are the complements- 

of the parallelogram ml; wherefore 

AG is equal also to rf ; Therefore the E H L F 

four rectangles AG, mp, pl, rp are 
equal to one another, and so are quadi'uple of one of them 
AG ; and it was demonstrated, that the four ck, bn, gr, and 
KN are quadruple of ck : Therefore the eight rectangles 
which contain the gnomon A oh, are quadruple of ak : And 
because ak is the rectangle contained by ab, bc, for bk is 
equal to bc, therefore four times the rectangle ab, bc is qua- 
druple of ak: But the gnomon aoh was demonstrated to be 
quadruple of ak ; therefore four times the rectangle ab, bc 
is equal to the gnomon aoh. To each of these add xh, which 
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is equal (n. 4. Cor.) to the square of AC ; Therefore four times 
the rectangle AB, bc, together with the square of AC, is equal 
to the gnomon aoh and the square xh : But the gnomon aoh 
and XH make up the figure aefd, which is the square of 
AD : Therefore four times the rectangle ab, bc, together 
with the square of ac, is equal to the square of ad, that is, 
of AB and BC added together in one straight line. Where- 
fore, if a straight line, &c. Q. E. D. 

Pkop. IX. Theob. 

If a straight line be divided into two equal, and also into 
two unequal, parts ; the squares of the two unequal parts 
are together double of the square of half the line, and of the 
square of the line between the points of section. 

Let the straight line ab be divided at the point c into two 
equal, and at d into two unequal parts : The squares of ad, 
db are together double of the squares of AC, CD. 

From the point c draw (i. 11.) ce at right angles to ab, 
and ;Diake it equal to AC or cb, and join ea, eb; through d 
draw (i. 31.) dp parallel to ce, and through p draw fg 
pai^allel toAB; and join ap: Then, because AC is equal to 
CE, the angle eac is equal (i. 5.) to the angle aec; and be- 
cause the angle ace is a right angle, the two others aec, 
EAC together make one right angle (Ld2.); and they are 
equal to one another; each of them, jj 

therefore, is half of a right angle. For 
the same reason each of the angles ceb, 
EBC is half a right angle ; and therefore / c 
the whole aeb is a right angle: And 
because the angle gep is half a right ^ 
angle, and egf a right angle, for it is equal (i. 29.) to the 
interior and opposite angle ecb, the remaining angle efg is 
half a right angle; therefore, the angle gep is equal to the 
angle epg, and the side eg equal (i. 6.) to the side gp : 
Again, because the angle at b is half a right angle and pdb 
a right angle, for it is equal (i. 29.) to the interior and oppo- 
site angle ecb, the remaining angle bpd is half a right angle; 
therefore the angle at b is equal to the angle bpd, and the 
side DP to (i. 6.) the side db : And because AC is equal to 
CE, the square of a c is equal to the square of ce; therefore 
the squares of AC, ce are double of the square of ac : But 
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the square of ea is equal (i. 47.) to the square of AG, ce, 
because age is a right angle ; therefore, the square of e A is 
double of the square of ag: Again, because eg is equal to 
GP, the square of eg is equal to the square of gp ; therefore, 
the squares of eg, gf are double of the square of gf; but 
the square of ef is equal to the squares of eg, gf; there- 
fore the square of ef is double of the square of gp ; and gp 
is equal (i. 34.) to CD : therefore the square of ep is double 
of the square of gd : But thb square of A e is likewise double 
of the square of ag : therefore the squares of ae, ep are 
double of the squares of AG, gd: And the square of ap is 
equal (i. 47.) to the squares of ae, ep, because aef is a right 
angle ; therefore the square of A p is double of the squares 
of AG, GD : But the squares of ad, dp are equal to the square 
of AP, because the angle adp is a right angle ; therefore the 
squares of ad, dp are double of the squares of AG, gd: And 
dp is equal to db; therefore the squares of ad, db are 
double of the squares of AG, gd. If, therefore, a straight 
line, &c. Q.E.D. 



Prop. X. Theob. 

If a straight line he bisected^ and proditced to any pointy 
the square of the whole line thus produced, and the square 
of the part of it produced, are together double of the square 
of half the line bisected, and of the square of the line made 
up of the half and the part produced. 

Let the straight line ab be bisected in g, and produced to 
the point d; the squares of ad, db are double of the squares 

of AG, GD. 

From the point G draw (i. 11*) GE at right angles to ab : 
And make it equal to AG or gb, and join ae, eb; through e 
draw (i. 31.) EP parallel to ab, and* through d draw dp pa- 
rallel to ge: And because the straight Hue ep meets the 
parallels eg, pd, the angles cep, efd are equal (i. 29.) to 
two right angles; and therefore the angles bep, efd are 
less than two right angles : But straight lines which with 
another straight line make the interior angles upon the same 
side less than two right angles, do meet (Ax. 12.) if pro- 
duced far enough: Therefore eb, pd shall meet, if produced 
towards b, d : Let them meet in g, and join AG : Then, be- 
cause AG is equal to ge, the angle gea is equal (i. 5.) to the 
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angle bac ; and the angle age is a right angle ; therefore 
each of the angles cea, eac is half a right angle (i. 32.)'* 
For the same reason, each of the angles ceb, ebc is half a 
right angle ; therefore aeb is a right angle : And because 
EEC is half a right angle, dbg is also (i. 15.) half a right 
angle, for they are vertically opposite ; but bdg is a right 
angle, because it is equal (i. 29.) to the alternate angle dce; 
therefore the remaining angle dgb is half a right angle, and 
is therefore equal to the angle dbg; wherefore also the side 
BD is equal (i. 6.) to the side dg: Again, because egf is 
half a right angle, and that the 
angle at f is a right angle, because 
it is equal (i. 34.) to the opposite 
angle ecp, the remaining angle 
PEG is half a right angle, and 
equal to the angle egf; where- 
fore also the side gf is equal (i. 6.) • ' *--^ G 
to the side fe. And because EC is equal to ca, the square 
of EC is equal to the square of ca ; therefore the squares of 
EC, CA are double of the square of ca: But the square of ea 
is equal (i. 47.) to the squares of ec, ca ; therefore the 
square of e A is double of the square of AC: Again, because 
6F is equal to fe, the square of gf is equal to the square of 
FE ; and therefore the squares gf, fe are double of the 
square of ef : But the square of eg is equal (l 47.) to the 
squares of gf, fe; therefore the square of eg is double of 
the square of ep : AndEP is equal to CD; wherefore the 
square of eg is double of the square of cd: But it was 
demonstrated, that the square of e A is double of the square 
of AC; therefore the squares of ae, eg are double of the 
squares of AC, CD : And the square of AG is equal (i. 47.) to 
the squares of ae, eg : therefore the square of a g is double 
of the squares of AC, CD : But the squares of ad, dg are 
equal (i. 47.) to the square of AG ; therefore the squares of 
AD, DG are double of the squares of ac, cd : But dg is equal 
to DB; therefore the squares of ad, db are double of the 
squares of AC, CD: Wherefore, if a straight line, &c. 
Q.E.D. 
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Prop. XI. Fbob. 

To divide a given straight line into two parts, so that the 
rectangle contained hy the whole, and one of the parts, shall 
he equal to the square of the other part 

Let AB be the given straight line ; it is required to divide 
it into two parts, so that the rectangle contained by the 
whole, and one of the parts, shall be equal to the square of 
the other part. 

Upon AB describe (i. 46.) the square abdc ; bisect (i. 10.) 
AG in E, and join be; produce ca to f, and make (i. 3.) ef 
equal to eb, and upon af describe (i. 46.) the square fgha; 
AB is divided in H, so that the rectangle ab, bh is equal to 
the square of ah. 

Produce on to k: Because the straight line AO is bisected 
in E, and produced to the point f, the rectangle cf, fa, to- 
gether with the square of ae, is equ^ (ii. 6.) to the square 
of EF : But EF is equal to eb ; therefore the rectangle cf, 
FA, together with the square of ae, is equal to the square of 
KB : And the squares of ba, ae are equal p q 

(l 47.) to the square of eb, because the 
angle eab is a right angle ; therefore the 
rectangle cf, fa together with the square 
of AE, is equal to the squares of ba, ae: 
Take away the square of ae, which is 
common to both, therefore the remaining £ 
rectangle cf, fa is equal to the square of 
ab: and the figure fk is the rectangle 
contained by cf, fa, for af is equal to fg; 
and AD is the square of ab ; therefore fk 
is equal to ad: Take away the common part ak, and the 
remainder fh is equal to the remainder hd : And hd is the 
rectangle contained by ab, bh, for ab is equal to bd ; and 
FH is the square of ah. Therefore the rectangle ab, bh is 
equal to the square of ah : Wherefore the straight line ab is 
divided in H, so that the rectangle ab, bh is equal to the 
square of ah. Which was to be done. 
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^ Euclid's elements.' 



Peop. Xn. Theob. 

In obtuse angled triangles, if a perpendicular he drawn 
from any of the acute angles to the opposite side produced, 
the square of the side subtending the obtuse angle is greater 
than the sqtuires of the sides containing the obtuse angle, by 
twice the rectangle contained by the side upon which, when 
produced, the perpendicular fcdls, and the straight line in- 
tercepted without the triangle between the perpendicular and 
the obtuse angle. 

Let ABC be an obtuse angled triangle, having the obtuse 
angle acb, and from the point A let ad be drawn (l 12.) 
perpendicular to bc produced : the square of ab is greater 
than the squares of ac, cb by twice the rectangle bc, Cd. 

Because the straight line bd is divided into two parts in 
the point c, the square of bd is equal (n. 4.) ^ 

to the squares of bc, cd, and twice the rect- yfi 

angle bc, cd: To each of these equals add y^ 

the square of da ; and the squares of db, y^ I 

da are equal to the squares of bc, cd, da, y/^ I 
and twice the rectangle bc, cd: But the ^ ( — 
square of ba is equal (i. 47.) to the squares ^ ^ 

of BD, DA, because the angle at d is a right angle ; and the 
square of CA is equal (i. 47.) to the squares of cd, da: 
Therefore the square of ba is equal to the squares of bc, ca, 
and twice the rectangle bc, cd ; that is, the square of ba is 
greater than the squares of bc, ca, by twice the rectangle 
BC, CD. Therefore, in obtuse angled triangles, &c. Q. E. D. 



Pbop. XIIL Theob. 

In every triangle, the square of the side subtending any 
of the acute angles is less than the squares of the sides con- 
taining that angle, by twice the rectangle contained by either 
of these sides, and the straight line intercepted between the 
perpendicular let faU upon it from the opposite angle, and 
the acute angle. 

Let ABC be any triangle, and the angle at b one of its 
acute angles, and upon bc, one of the sides containing it, let 
fall the perpendicular (l 12.) ad from the opposite angle : 
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The square of ac opposite to the angle b, is less than the 
squares of cb, ba by twice the rectangle cb, bd. 

First, let ad fall within the triangle abc; and because 
the straight line cb is divided into two ^ 

parts in the point d^ the squares of cb, 
BD are equal (n. 7.) to twice the rect- / 

angle contained by gb, bd, and the / 
square of DC: To each of these equals / 

add the square of ad; therefore the ^ 

squares of cb, bd, da are equal to "^ ^ 

twice the rectangle cb, bd, and the squares of ad, do : But 
the square of ab is equal (i. 47.) to the squares of bd, da, 
because the angle bda is a right angle ; and the square of 
AC is equal to the squares of ad, dc : Therefore the squares 
of CB, BA are equal to the square of ac, and twice the rect- 
angle CB, BD, that is, the square of ac alone is less than the 
squares of cb^ ba by twice the rectangle cb, bd. . 

Secondly, let ad fall without the triangle A 

ABC : Then, because the angle at d is a right 
angle, the angle acb is greater (l 16«) than a 
right angle ; and therefore the square of a b is 
equal (n. 12,) to the squares of AC, cb, and 
twice the rectangle bc, CD : To these equals a 
add the square of bc, and the squares of ab, ^ ^ ^ 

BC are equal to the square of ac, and twice the square of 
BC, and twice the rectangle bc, cd: But because bd is 
divided into two parts in c, the rebtangle db, bc is equal 
{vL 3.) to the rectangle bc, cd and the square of bc: And 
tiie doubles of these are equal: Therefore the squares 
of ab, BO are equal to the square of ac, and twice the 
rectangle db, bc: Therefore the square of AC 
alone is less than the squares of ab, bc by twice 
the rectangle db, bc. 

Lastly, let the side ac be perpendicular to b<3 ; 
ih^i is bc the straight line between the perpendicu- 
lar and the acute angle at b ; and it is manifest 
that the squares of ab, bc are equal (i. 47.) to the 
square of ac, and twice the square of bo: Therefore in 
every triangle, &c. Q. E. D. 
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Prop. XIV. Pbob. 

To describe a square that shall be equal to a given recti-- 
lineal figure. 

Let A be the given rectilineal figure; it is required to 
describe a square that shall be equal to a. 

Describe (l 45.) the rectangular parallelogram bcde 
equal to the rectilineal figure a. If then the sides of it be, 
£D are equal to one an- 
other, it is a square, 
and what was required 
is now done: But if 
they are not equal, pro- 
duce one of them be to 
F, and make ef equal to 
ED, and bisect bf in g; 
and from the centre 6, 
at the distance gb, or gf, describe the semicircle bhf, and 
produce de to h, and join gh. 

Then, because the straight line bf is divided into two 
equal parts in the point G, * and into two unequal at E, the 
rectangle be, ef, together with the square of eg, is equal 
(n. 5.) to the square of gf : But gf is equal to gh ; there- 
fore the rectangle be, ef, together with the square of eg, 
is equal to the square of gh: But the squares of he, eg 
are equal (l47.) to thd square of gh: Therefore the rect- 
nngle be, ef, together with the square of eg, is equal to the 
squares of he, eg: Take away the square of eg, which is 
common to both, and the remaining rectangle be, ef is 
equal to the square of eh : But the rectangle contained by 
BE, EF is the parallelogram bd, because ef is equal to ed ; 
therefore bd is equal to the square of eh ; but bd is equal 
to the rectilineal figure A; therefore the rectilineal figure 
A is equal to the square of eh: Wherefore a square has 
been made equal to the given rectilineal figure a, viz. the 
square described upon eh. Which was to be done. 
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DEFINITIONS. 
I. 

Equal circles are those of which the diameters are equal, 
or from the centres of which the straight lines to the 
circumferences are equaL 

" This is not a definition but a theorem, the truth of which 
is evident ; for, if the circles be applied to one another, so 
that their centres coincide, the circles must likewise coincide, 
since the straight lines from the centres are equal." 

n. 
A straight line is said to touch a 
circle, when it meets the circle, 
and being produced does not 
cut' it. 

Circles are said to touch one another, 
which meet, but do not cut one 
another. 

IV. 

Straight lines are said to be equally distant 
from the centre of a circle, when the per- 
pendiculars drawn to them from the centre 
are equal 

And the straight line on which the greater 
perpendicular falls is said to be farther from the centre. 

o 3 
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VI. 

A segment of a circle is the figure eontained 
bj a straight line and the circim^erence it 
cuts ofil 

VTL 

'' The angle of a segment is that which ifr contained by the 
straight line and the circumference." 

An angle in a segment is the angle con- 
tained bj two straight Hues drawn from 
anj point in the circumference of the 
segment, to the extremities of the straight 
line which is the base of the segment 

IX. 

And an angle is said to insist or stand 
upon the circumference intercepted between the straight 
lines that contain the angle. 

X. 

The sector of a circle is the figure contained bj 
two straight lines drawn from the centre, ai^ 
the circumference between them. 

XL 

Similar s^ments of a circle are 
those in which the angles are 
equal, or which contain equal 
angles. 





Pbop» L Prob. 
To find the centre of a given circle^ 

Let ABC be the given circle; it is required to find its 

centre. 

Draw within it any straight line ab, and bisect (i. 10.) it 
in D ; from the point d draw (l 11.) dc at right angles to 
ab, and produce it to e, and bisect ce in f : The point f is 
the centre of the circle abg. 

For, if the centre be in cb, it must be in the middle point 
of CE, that is, it must be in f : 
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But if it be not in ce, let, if poaaible, g be the centre, and 
join 6 A, OD, ob: Then, because da is equal to db, and dg 
common to ibe two triangles adg, bdg, the 
two aides ad, dg are equal to the two bd, dg, 
each to each ; and the base ga is equal to 
the base gb, because they are drawn from 
the centre g*; therefore the angle adg is 
equal (i. 8.) to the angle gdb: But when a 
straight line standing upon another straight 
line makes the adjacent angles equal to one 
another, each of the angles is a right angle 
(i. Def. 10.) : Therefore the angle gdb is a right angle: But 
fdb is likewise a right angle; wherefore the angle fdb is 
equal to the angle gdb, the greater to the less, which is im- 
possible: Therefore g is not the centre of the circle abc : In 
the same manner it can be shown, that no other point but 
F is the centre; that is, f is the centre of the circle abc: 
Which was to be found. 

Cob. From this it is manifest, that if in a circle a straight 
line bisect another at right angles, the centre of the circle is 
in the Une which bisects the other* 



Pbop. n. Theor. 

If any two points he taken in the circumference of a 
circle^ the straight line which joins them shall fall within the 
circle. 

Let ABC be a circle, and a, b any two points in the cir- 
cumference ; the straight line drawn from a . ^ 
to B shall fall within the circle. 

For, if it do not, let it fall, if possible, 
without, as ABB ; find (m. 1.) d, the centre 
of the circle abc, and join ad, db; in the cir« 
cumference ab take any point f, join df, 
and produce it to £ : Then, because da is 
equal to db, the angle dab is equal (l 5.) to ^ ^ 
the angle dba; and because AE, a side of the triangle dae, 
is produced to b, the angle deb is greater (i. 16.) than the 
angle dab; but dae is equal to the angle dbe ; therefore 
the angle DE b is greater than the angle dbe; but to the 

* N. B. — Whenever the expression ** straight lines from the centre," 
or ** drawn from the eentre»" occurs, it Is to be understood that they are 
drawn to the circumference. 
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greater angle the greater side is opposite (l 19.) ; db is 
therefore greater than de : But db is equal to df ; wherefore 
DF is greater than de, the less than the greater, which is 
impossible : Therefore the straight line drawn from A to b 
does not fall without the circle. In the same manner it may 
be demonstrated that it does not fall upon the circumference; 
it falls therefore within it. Wherefore if any two points, &c. 
Q.E.D. 

Pkop. in. Theob. 

If a straight line drawn through the centre of a circle 
bisect a straight line in it which does not pass through the 
centre, it shall cut it at right angles ; and, if it cuts it at 
right angles, it shall bisect it. 

Let ABC be a circle, and let cd, a straight line drawn 
through the centre, bisect any straight line ab which does 
not pass through the centre, in the point f : It cuts it also at 
right angles. 

Take (m. 1.) e the centre of the circle, and join ea, eb. 
Then, because af is equal to fb, and fe common to the two 
triangles afe, bfe, there are two sides in the one equal to 
two sides in the other, and the base ea is 
equal to the base eb; therefore the angle 
afe is equal (l 8.) to the angle bfe: But 
when a straight line standing upon another 
makes the adjacent angles equal to one 
another, each of them is a right (i. Def. 10.) 
angle: Therefore each of the angles afe, 
BFE is a right angle ; wherefore the straight 
line CD, drawn through the centre bisecting 
another ab that does not pass through the centre, cuts the 
same at right angles. 

But let CD cut AB at right angles ; CD also bisects it, that 
is, AF is equal to fb. 

The same construction being made, because ea, eb from 
the centre are equal to one another, the angle eaf is equal 
(i. 5.) to the angle ebf ; and the right angle afe is equal to 
the right angle bfe: Therefore in the two triangles eaf, ebf, 
there are two angles in one equal to two angles in the other, 
and the side ef, which is opposite to one of the equal angles 
in each, is common to both; therefore the other sides are equal 
(i. 26.) ; af therefore is equal to fb. Wherefore if a straight 
line, &c. Q.E.D. 
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Prop. IV. Theor. 

If in a circle two straight lin^ cut one another which do 
not both pass through the centre^ they do not bisect each the 
other. 

Let ABCD be a circle, and ac, bd two straight lines in it 
which cut one another in the point E, and do not both pass 
through the centre; AC, bd do not bisect one another. 

For, if it is possible, let ae be equal to EC, and be to ed : 
If one of the lines pass through the centre, it is plain that it 
cannot be bisected bj the otiier which 
does not pass through the centre : But if 
neither of them pass through the centre^ 
take (in. 1.) f the centre of the circle, 
and join ef : and because fe, a straight 
line through the centre, bisects another 
AC which does not pass through the 
centre, it shall cut it at right (m. 3.) angles ; wherefore fe a 
is a right angle: Again, because the straight line fe bisects 
the straight line bd which does not pass through the centre, 
it shall cut it at right (m. 3.) angles; wherefore feb is a 
right angle : And fe A was shown to be a right angle ; there- 
fore FEA is equal to the angle feb, the less to the greater, 
which is impossible: Therefore ac, bd do not bisect one 
another. Wherefore, if in a circle, &c. Q.E.D. 




Prop. V. Theob. 

If two circles cut one another^ they shall not have the 
same centre. 

Let the two circles^ arc, CD a cut one another in the points 
B, c ; they have not the same centre. 

For^ if it be possible, let e be their centre: Join EC, and 
draw any straight line e f G meeting 
them in f and o : And because e is 
>the centre of the circle abc, ce is 
equal to e f : Again, because e is the 
centre of the circle CDa, CEisequal 
to eg: But CE was shown to be 
equal to ef, therefore ef is equal 
to EG, the less to the greater, which 
is impossible: Therefore e is not the 
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centre of the circles abc, ci>g. Whwefore if two drdes^ 
&c. Q,E.D. 



Pbop. VI. Theob, 

If two circles touch one another internally^ they shall not 
have the same centre. 

Let the two circles abc^ ode, touch one smother internally 
in the point c : They have not the same centre* 

For, if they can, let it be r ; join fc and draw any straight 
line FEB meeting them in £ and b ; 
and because f is the centre of the 
circle abc, cf is equal to fb : Also 
because f is the centre of the circle 
CDE, GF is equal to fe : And cf was 
shown equal to fb; therefore fe is 
equal to fb, the less to the greater, 
which is impossible ; wherefore f is 
not the centre of the circles abc, 
CDE. Therefore if two circles, &c. 
Q.E.D. 

Prop. VIL Theor. 

J^ any point be taken in the diameter of a circle which is 
not the centre, of all the straight lines which can be drawn 
from it to the circumference^ the greatest is that in which the 
centre is, and the other part ofthdt diameter is the least; 
andj of any others^ that which is nearer to the line which 
passes through the centre is always greater than one more 
remote : and from the same point there can be drawn only 
two straight lines that are equal to one another, one upon 
each side of Hie shortest line. 

Let ABC D be a circle, and ad its diameter, in which let 
any point f be taken which is not the centre : Let the centre 
be E; of all tiie straight lines fb, fc, fg, &c., that can be 
drawn from f to the circumference, fa is the greatest, and 
FD, the other part of the diameter ad, is the least : and of 
the others, fb is greater than fc, and fc than fg. 

Join BE, CE, GE ; and because two sides of a triangle are 
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greater (l 20.) than the third, bb, ef are greater than bf ; 
but AE is eqnal to eb; therefore as, ef^ 
that is AF, is greater than bf: Again, 
because be is equal to cs, and fe com- 
mon to the triangles bef, cef, the two 
sides be, ef are equal to the two ce, 
EF; but the angle bef is greater than 
the angle cef; therefore the base bf 
is greater (i. 24) than the base fo : For 
the same reason, cf is greater than gf : 
Again, because gf, fe are greater (i. 
20.) than eg, and EG is equal to ed; 
therefore gf, fe are greater than ed: Take away the com- 
mon part F E, and the remainder gf is greater than the re- 
mainder fd: Therefore fa is the greatest, and fd the least 
of all the straight lines from f to the circumference ; and 
bf is greater than of, and cf than gf. 

Also there can be drawn only two equal straight lines from 
the point f to the circumference, one upon each side of the 
shortest line fd: At the point e in the straight line ef, 
make (l 23.) the angle feh equal to the angle gef, and join 
fh: Then because ge is equal to eh, and ef common to 
the two triangles gef, hef ; the two sides ge, ef are equal 
to the two HE, EF ; and the angle gef is equal to the angle 
HEF ; therefore the base fg is equal (i. 4.) to the base fh : 
But, besides fh, no other straight line can be drawn from f 
to the circumference equal to fg : For, if there can, let it be 
FK; and because FK is equal to fg, and fg to fh, fk is 
equal to fh; that is, a line nearer to that which passes 
through the centre, is equal to that which is more remote ; 
which is impossible. Therefore, if any point be taken, &c. 
(iE.D. 

Prof. Vin. Theob, 

^ any point be taken without a circle^ and straight lines 
be drawn from it to the cireumference, whereof one passes 
through the centre; of those which fall upon the concave 
circunferenccy the greatest is that which passes through the 
centre ; and of the rest, that which is nearer to the one pass^ 
ing through the centre is always greater than one more re- 
mote : But of those which fall upon the convex circum^ 
ference^ the least is that between the point without 'the circle 
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and the diameter ; arid of the rest, that which is nearer to 
the least is always less than one more remote: And only two 
equal straight lines can he drawn from the same point to 
the circumference^ one upon each side of the least line. 

Let ABC be a circle, and D any point without it, from 
which let the straight lines da, de, df, dg be drawn to the 
circumference, whereof da passes through the centre. Of 
those which fall upon the concave part of the circumference 
AEFC, the greatest is ad which passes through the centre; 
and the nearer to it is always greater than the more remote, 
viz. D£ than df, and df than DC : But of those which fall 
upon the Convex circumference hlkg, the least is dg betwen 
the point d and the diameter ag; and the nearer to it is 
always less than the more remote, viz. dk than dl, and Di. 
than DH. 

Take (in. 1.) m the centre of the circle abc, and join me, 
MF, MC, me:, ml, mh : And because am is equal to me, add mi> 
to each, therefore ad is equal to em, md ; but em, md are 
greater (i. 20.) than ed; therefore also ad is greater than 
ED: Again, because me is equal to mf, and md common to 
the triangles emd, fmd ; em, md 
are equal to fm, md; but the angle 
EMD is greater than the angle fmd ; 
therefore the base ed is greater (i. 
24.) than the base fd : In like 
manner it may be shown that fd is 
greater than CD : Therefore da is 
the greatest; and de greater than 
DF, and DF than DC: And because 
MK, KD are greater than md, and 
MK is equal to mg, the remainder 
KD is greater (Ax. 5.) than the re- 
mainder GD, that is, GD is less than 
kd: And because mk, dk are drawn to 
the point K within the triangle mld, 
from M, D, the extremities of its side ^ 

MD, therefore mk, kd are less (i.21.) than ml, ld, whereof 
MK is equal to ml; therefore the remainder dk is less than 
the remainder DL : In like manner it may be shown, that dl is 
less than dh : Therefore dg is the least, and dk less than 
DL, and DL than dh: Also there^ can be drawn only two 
equal straight lines from the point d to the circumference, 
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one upon each side of the least: At the point m, in the 
straight line md, make (i.23.) the angle dhb equal to the 
angle dme, and join db : And because mk is equal to mb, and 
MD common to the triangles kmd, bmd, the two sides em, md 
are equal to the two bm, md; and the angle kmd is equal to 
the angle bmd; therefore the base de is equal (i. 4.) to the 
base db: But, besides db, there can be no straight line 
drawn from d to the circumference equal to dk: For, if 
there can, let it be dn ; and because de is equal to dn, and 
also to DB; therefore db is equal to dn, that is, the nearer 
to the least equal to the more remote, which is impossible. 
If, therefore, any point, 8sc. Q. £. D. 



Prop. IX. Prob. 

If a 'point he taken within a circle^ from which there fall 
more than two equcd straight lines to the circumferencey that 
point is the centre of the circle. 

Let the point d be taken within the circle abc, from which 
to the circumference there fall more than two equal straight 
lines, viz. DA, DB, DC, the point d is the centre of the circle. 

For, if not, let e be the centre, join de and produce it to 
the circumference in f, G; then fg is 
a diameter of the circle abo : And be- 
cause in FG, the diameter of the circle 
ABC, there is taken the point d which 
is not the centre, dg shall be the great- 
est line from it to the circumference, 
and DC greater (m. 7.) than db, and db 
than DA : But they are likewise equal 
(Hyp.), which is impossible: Therefore 
E is not the centre of the circle abc : In like manner it may 
be demonstrated that no other point but d is the centre ; d 
therefore is the centre. Wherefore, if a point be taken, 
&c. Q. E. D. 



Prop. X. Theor. 

One circumference of a circle cannot cut another in more 
than two points. 

If it be possible, let the circumference fab cut the cir- 




62 



EUCLID 8 ELEMBNTS* 



cumference def in more than two 

points, viz. in b, G, f ; take the centre 

K of the circle abc, and join kb, ko, 

KF : And because within tiie circle def 

there is taken the point k, from which 

to the circumference def fall more than 

two equal straight lines kb, kg, kf, the 

point K is (in. 9.) the centre of the circle 

DEF : But K is also the centre of the 

circle abc : therefore the same point is 

the centre of two circles that cut one another, which is 

impossible (ni. 5.). Therefore one circumference of a circle 

cannot cut another in more than two points. Q. E.D. 




Prop. XL Theob. 

If two circles totush each other internally^ the straight line 
which joins their centres being prodttced shall pass through 
the point of contact. 

Let the two circles abc, ade, touch each other internally 
in the point a, and let f be the centre of the circle abc, and 
G the centre of the circle ade: The ^ 

straight line which joins the centres f, g, 
being produced, passes through the 
point A. 

For, if not, let it fall otherwise, if 
possible, as fgdh, and join af, AG : And 
because ag, gf are greater (i. 20.) than 
FA, that is, than fh, for fa is equal to 
FH, both being from the same centre; 
take away the common part fg; there- 
fore the remainder ag id greater than 
the remainder gh: But ag is equal to gd ; therefore gd is 
greater than gh, the less than the greater, which is impos- 
sible. Therefore the straight line which joins the points f, g 
cannot fall otherwise than upon the point a, that is, it must 
pass through it. Therefore, if two circles, &c. Q. E. D. 
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Prop. XIL Thboe. 

If two circles touch each other externally ^ the straight line 
which joins their centres shaU pass through the point of 
contact 

Let the two circles abc, ade touch each other externally 
in the point a: and let f be the centre of the circle abc, and 
G the centre of ade : The straight line which joins the points 
F^ G shall pass through the point of contact a. 

For, if not, let it pass otherwise, if possible, as fcdg, and 
join FA, AG: And because p is the centre of the circle abc, 
af is equal to PC : Also because 
G is the centre of the Mrcle ade, 
AG is equal to GDzTTherefore 
FA, AG are equal to fg, dg; 
wherefore the whole fg is greater 
than FA, AG; But it is also less 
(i. 20.); which is impossible: 
Therefore the straight line which joins the points f, g shall 
not pass otherwise than through the point of contact A; that 
is, it must pass through it Therefore^ if two circles, &c. 
Q. E. D. 

Pbop. Xm. Theob. 

One circle cannot touch another in more points than one, 
whether it touches ii on the inside or outside. 

For, if it be possible, let the circle ebf touch the circle 
ABO in moi^ points than one, and first on the inside, in the 
points B, d; join bd, and draw (l 10, 11.) gh bisecting bd 
at right angles : Therefore, because the points b, d are in 
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the circumference of each of the cirdes, the straight line bd 
falls within each (iii.2.) of them: And their centres are 
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(in. 1. Cor.) in the straight line G h which bisects bd at 
right angles : Therefore gh passes through the point of 
contact (uL 11.); but it does not pass through it, because 
the points b, d are without the straight line gh, which is 
absurd: Therefore one circle cannot touch another on the 
inside in more points than one. 

Nor can two circles touch one another on the outside in 
more than one point : For, if it be possible, let the circle 
ACK touch the circle abc in the points a, c, and join ac: 
Therefore, because the two points a, c are 
in the circumference of the circle ack, the 
straight line ac which joins them shall fall 
within (m. 2.) the circle .ack: And the 
circle ack is without the circle ABqp and 
therefore the straight line ac is without 
this last circle ; but, because the points a, c 
are in the circumference of the circle abc, 
the straight line AC must be within (m. 2.) 
the same circle, which is absurd: There- 
fore one circle cannot touch another on the 
outside in more than one point: And it has been shown, 
that they cannot touch on the inside in more points than one : 
Therefore, one circle, &c. Q* E. D. 




Prop. XIV. Theor. 

Equal straight lines in a circle are equally distant from 
the centre; and those which are equally distant from the 
centre^ are equal to one another. 

Let the straight lines ab, cd, in the circle abdc, be equal 
to one another ; they are equally distant from the centre. 

Take e the centre of the circle abdc, and from it draw 
EF, EG perpendiculars to ab, cd : Then, because the straight 
line EF passing through the centre, cuts the straight line 
AB, which does not pass through the ^ 

centre, at right angles, it also bisects 
(m. 3.) it: Wherefore ap is equal to fb, 
and A B double of af. For the same reason, 
CD is double of CG : And ab is equal to 
CD (Hyp.); therefore, ap is equal to cg: 
And because ae is equal to ec, the square 
of AE is equal to the square of ec : But 
the squares of af, fe are equal (l 47.) to 
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the square of ae, because the angle afe is a right angle: 
and, for the like reason, the squares of eg, gg are equal to 
the square of eg: Therefore the squares of af, fe are 
equal to the squares of cg, ge,. of which the square of a f is 
equal to the square of gg, because af is equal to cg ; there- 
fore the remaining square of f e is equal to the remaining 
square of eg, and the straight line ef is therefore equal to 
eg: but straight lines in a circle are said to be equallj 
distant from the centre, when the perpendiculars drawn to 
them from the centre are equal (in. Def. 4.): Therefore ab, 
CD are equallj distant from the centre. 

Next, if the straight lines ^b^ cd be equallj distant from 
the centre, that is, if fe be equal to eg ; ab is equal to cd : 
For, the same construction being made, it may,- as before, be 
demonstrated, that ab is double of af, and cd double of cg, 
and that the squares of ef, fa are equal to the squares of 
EG, GC; of which the square of fe is equal to the square of 
EG, because fe is equal to eg; therefore the remaining 
square of af is equal to the remaining square of cg ; and the 
straight line af is therefore equal to cg: But ab is double 
of AF, and CD double of CG; wherefore ab is equal to cd. 
Therefore equal straight lines, &c Q. E. D. 

Prop. XV. Theor. 

The diameter is the greatest straight line in a circle; and, 
of all others, that which is nearer to the centre is always 
greater than one more remote ; and the greater is nearer to 
the centre than the less. 

Let ABCD be a circle, of which the dia- 
meter is AD, and the centre e ; and let bc A B 
be nearer to the centre than fg; ad is 
greater than anj straight line bc which is 
not a diameter, and bc greater than fg. 

From the centre draw eh, ee perpen- 
diculars to BC, FG, and join eb, ec, ef; 
and because ae is equal to eb, and ed to 
EC: AD is equal to eb, ec : but eb, ec, 
are greater (l 20.) than bc; wherefore 
also AD is greater than bc. 

And because bc is nearer to the centre than fg, eh is 
less (m. Def. 6.) than ek: But, as was demonstrated in the 
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preceding, bc is double of bh, and Fa double of fk, and tUe 
squares of eh, bh are equal to the squares of e«, kf, of 
which the square of eh is less than the square of ek, because 
EH is less than ek ; therefore the square of bh is greater 
than the square of fk, and the straight line bh greater than 
FK ; and therefore bc is greater than fg. 

Next, let BC be greater than fg; bc is nearer to the 
centre than fg, that is, the same construction being made, 
eh is less than ek : because bc is greater than fg, bh like- 
wise is greater than kf: And the squares of bh, he are 
equal to the squares of fk, ke, of which the square of bh is 
greater than the square of fk, 4)ecause bh is greater than 
FK ; therefore the square of eh is less than the square of 
EK, and the straight line eh less than ek. Wherefore the 
dimeter, &c Q. E. D. 



Prop. XVL Theor. 

The straight Une drawn at right angles to the diameter of 
a circle, from the extremity of it, falls without the circle ; 
and no straight line can be drawn between that straight line 
and the circumference from the extremity, so as not to cut 
the circle ; or, which is the same thing, no straight line can 
mahe so great an acute angle with the diameter at its extre- 
mity, or so small an angle toith the straight line which is at 
right angles to it, as not to cut the circle. 

Let ABC be a circle, the centre of which is d, and the dia- 
meter AB : the straight line drawn at right angles to ab from 
its extremity a, shall fall without the circle. 

For, if it does not, let it fall, if pos- 
sible, within the cirde, as ac, and draw 
DC to the point c where it- meets the 
circumference : And because da is equal 

to DC, the angle dac is equal (l 5.) to ^[ ]$ -^ A 

the angle acd; but dac is a right 
angle, Sierefore acd is a right angle, 
and the angles dac, acd are therefore 
equal to two right angles ; which is impossible (l 17.) : There- 
fore the straight line drawn from a at right angles to ba 
does not fall within the circle : In the same manner, it may 
be demonstrated that it does not fall upon the circumference ; 
therefore it must fall without the circle, as ae. 
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And between the straight line ae and the circumference 
no straight line can be drawn from the point a which does 
not cut the circle : For, if possible, let fa be between them, 
and from the point d draw (i. 12.) Da perpendicular to fa, 
and let it meet the circumference in h : And because agi> 
is a right angle, and daq less (i. 17.) than a right angle : 
DA is greater (l 19.), than dg: But 
DA is equal to dh; therefore dh is 
greater than dg, the less than the 
greater, which is impossible: There- 
fore no straight line can be drawn 
from the point a between ae and the 
drcumferenoe, which does not cut 
the circle, or, which amounts to the 
same thing, however great an acute 
angle a straight line makes with the 
diameter at iJ^e point a, or however small an angle it makes 
witii AE, the circumference passes between the straight line 
and the perpendicular ae. '< And this is all that is to be 
understood, when, in the Greek text and translations from 
it, the angle of the semicircle is said to be greater than any 
acute rectilineal angle, and the remaining angle less than 
any rectilineal angle." 

Ck>B. 'From this it is manifest Uiat the straight line which 
is drawn at right angles to the diameter of a circle from the 
extremity of it^ touches the circle ; and that it touches it 
only in one point, because, if it did meet the drcle in two, it 
would fall within it (m. 2.). " Also it is evident that there 
can be but one straight line which touches the circle in the 
same point." 

Prop. XVn. Prob. 

To draw a straight line from a given pointy either without 
or in the circumferencey which shall touch a given circle* < 

First, let a be a given point without the given circle bcd, 
it is required to draw a straight line from a which shall 
touch the circle. 

Find (m. 1.) the centre e of the circle, and join ae ; and 
from the centre e, at the distance ae, describe the circle 
AFG; from the point d draw (i. 11.) fd at right angles to 
AE; and join ebf, ab. ab touches the circle bcd. 



68 



EUCLID S ELEMENTS. 



Because e is the centre of the circles bcd, afg, ea is 

■-.A 



equal to ef, and ed to eb 



G: 




therefore the two sides a e, eb are 
equal to the two fe, ed, and thej 
contain the angle at e common to 
the two triangles a e b, f b d ; there- 
fore the base df is equal to the 
base AB, and the triangle fed to 
the triangle ae b, and the other 
angles to the other angles (l 4.) : 

Therefore the angle eba is equal "' 

to the angle bdf: But edf is a right angle, wherefore eba 
is a right angle : And eb is drawn from the centre : but a 
straight line drawn from the extremity of a diameter, at 
right angles to it, touches the circle (m. 16. Cor.) : There- 
fore AB touches the circle ; and it is drawn from the given 
point A. Which was to be done. 

But, if the given point be in the circumference of the 
circle, as the point D, draw de to the centre e and df at 
right angles to de ; df touches the circle (m. 16. Cor.). 



PROP.XVin, Theor. 

If a straight Hne touches a drchy the straight line drawn 
from the centre to the point of contact^ shall be perpendicular 
to the Une touching the circle. 

Let the straight line de touch the circle abc in the point 
. c ; take the centre f, and draw the straight line fc ; fc is 
perpendicular to de. 

For, if it be not, from the point f draw fbg perpen- 
dicular to de; and because fgc is a right angle, gcf is 
(l 17.) an acute angle; and to the greater angle the 
greatest (l 19.) side is opposite ; there- 
fore FC is greater than fg; but fc 
Is equal to fb ; therefore fb is greater 
than FG, the less'than the greater which 
is impossible: Wherefore fg is not 
perpendicular to de : In the same man- 
ner it may be shown, that no other is 
perpendicular to it besides fc, that is, 
FC is perpendicular to de. Therefore, if 
a straight line, &c. Q. £. D. 
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Pjrop. XIX. Theob. 




If a straight line touches a circle, and from the point of 
contact a straight line be drawn at right angles to the 
touching line, the centre of the circle shall he in that line. 

Let the straight line de touch the circle abg iD«G, and 
from let c A be drawn at right angles to db ; the centre of 
the circle is in oa. 

For, if not, let p be the centre, if possible, and join cf. 
Because de touches the circle a bo, and a 

FC is drawn from the centre to the point of 
contact, FO is perpendicular (m. 18.) to 
DE ; therefore foe is a right angle : But 
ACE is also a right angle; therefore the 
angle foe is equal to the angle ace, the 
less to the greater, which is impossible: 
Wherefore f is not the centre of the circle 
ABC. In the same manner, it may be shown, D C E 

that no other point which is not in CA, is the centre ; that 
is, the centre is in CA. Therefore if a straight line, &c. 
Q. E. D. 

Pkop. XX. Thbob. 

Tlie angle at the centre of the circle is double of the angle 
at the circumference, upon the same base, that is, upon the 
same part of the circumference. 

Let ABC be a circle, and bec an angle at the centre, and 
BAC an angle at the circumference, which have the same 
circumference BC for their base ; the angle a 

beg is double of the angle bao. 

First, let e the centre of the circle be 
within the angle bag, and join ae, and 
produce it to f : Because ea is equal to eb, 
the angle eab is equal (i>d.) to the angle 
EBA; therefore the angles eab, eba are n^ 
double of the angle eab; but the angle 
bef is equal (i. 32.) to the angles eab, 
EBA ; therefore also the angle bef is double of the angle 
kab: For the same reason, the angle peg is double of the 
angle eac: Therefore the whole angle bec is double of the 
whole angle bac. 
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Again, let e the centre of the circle be 
without the angle bdc, and join de and 
produce it to o. It may be demonstrated, 
as in the first case, that the angle gec is 
double of the angle gdg, and that geb a 
part of the first is double of gdb a part of 
the oth^r ; therefore the remaining angle 
bec is double of the remaining angle bdc. 
Therefore the angle at the centre, &c. 
Q. E. D. 





Prop. XXI. Theob. 

The angles in the same segment of a circle are equal to 
one another. 

Let ABCD be a circle, and bad^ bed 
angles in the same segment baed: The 
Ungles BAD, BED are equal to one another. 

Take f the centre of the circle abcd : 
And, first, let the segment baed be greater 
than a semicircle, and join bf, fd: And 
because the angle bfd is at the centre, and 
the angle bad at the circumference^ and 
that they have the same part of the circum- 
ference, viz. BCD, for their base; therefore the angle bfd is 
double (m. 20.) of the angle bad: For the same reason, the 
angle bfd is double of the angle bed: Therefore the angle 
BAD is equal to the angle bed. 

But if the segment baed be not greater than a semicircle, 
let BAD, BED be angles in it; these also 
are equal to one another: Draw af to the 
centre, and produce it to c, and join ce: ^ 
Therefore the segment badc is greater '' 
than a semicircle ; and the angles in it b AC, 
BEC are equal, by the first case: For the 
same reason, because cbed is greater than 
a semicircle, the angles cad, ced are equal : 
Therefore the whole angle bad is equal to 
the whole angle bed. Wherefore the 
angles in the same segment, &c Q. £• D* 
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Prop. XXIL Theor. 

TTie opposite angles of any quadrilateral figure inscribed 
in a circle^ are together equal to two right angles. 

LetABCDbe a quadrilateral figure in the circle abcd; 
any tvro of its opposite angles are together equal to two right 
angles. 

Join AC, BD ; and because the three angles of every tri- 
angle are equal (i. 32.) to two right angles, the three angles 
of the triangle cab, viz. the angles cab, abc, bca, are equal 
to two right angles : But the angle cab 
is equal (m. 21.) to the angle cdb, be- 
cause they are in the same segment badc, 
and the angle acb is equal to the angle 
ADB, because they are in the same seg- 
ment ADCB : Therefore the whole angle 
ADC is equal to the angles cab, acb : To 
each of these equals add the angle abc ; 
therefore the angles abc, cab, bca are equal to the angles 
ABC, ADC : But ABC, CAB, BCA are equal to two right angles; 
therefore also the angles abc, ad c are equal to two right 
angles : In the same manner, the angles bad, dcb may be 
shown to be equal to two right angles. Therefore, the op- 
posite angles, &c. Q. E. D. 

Prop. XXTK Theor. 

Upon the same straight line, and upon the same»side of it^ 
there cannot be two similar segments of circles, not coin* 
dding with one another. 

If it be possible, let the two similar segments of circles, 
viz. ACB, ADB, be upon the same side of the same straight 
line AB, not coinciding with one another : Tlien, because the 
circle acb cuts the circle adb in the two 
points A, B, they cannot cut one another 
in any other point (in. 10.) : One of the 
seccments must therefore fall within the 
other: let abc fall within adb, and draw 
the straight line bcd, and join CA, da: 
And because the segment acb is similar to the segment adb, 
and that similar segments of circles contain (ni. Def. 11.) 
equal angles ; the angle acb is equal to the angle adb, the 
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exterior to the interior, which is impossible (l 16.). There- 
fore, there cannot be two similar segments of a circle upon 
the same side of the same line, which do not coincide. Q. £: D. 



Prop. XXIV. Theor. 

Similar segments of circles upon equal straight lines are 
equal to one another. 

Let ABB, CFD be similar segments of circles upon the equal 
straight lines ab, cd; the segment aeb is equal to the 
segment cfd. 

For if the segment aeb be £ ^ 

applied to the segment cfd, . ^ 

so as the point A be on c, and /^ y^ 

the straight line ab upon cd, f m ^ 

the point b shall coincide with 

the point d, because ab is equal to cd : Therefore the straight 

line AB coinciding with cd, the segment aeb must (m. 23.) 

coincide with the segment cfd, and therefore is equal to it. 

Wherefore similar segments, &c Q. E. D. 




Prop. XXV. Prob. 

A segment of a circle being given, to describe the circle of 
which it is the segment 

Let ABC be the given segment of a circle; it is required 
to describe the circle of which it is the segment. 

Bisect (i. 10.) AC in d, and from the point d draw (i. 11.) 
DB, at right angles to AC, and join ab: First, let Hiie angles 
ABD, BAD be equal to one another ; then the straight line 
BD is equal (i.6.) to da, and therefore to DC; and because 
the three straight lines da, db, dc, are all equal ; d is the 
centre of the circle (ni. 9.) : From the centre d, at the distance 
of any of the three da, db, DC, describe a circle; this shall 
pass through the other points; and the circle of which abc 
is a segment is described : And because the centre d is iu 

B 
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AC, the segment abc is a semidrde; but if the angles abd, 
BAD are not equal to one another, at the point a, in the 
straight line ba, make (i. 23.) the angle bae equal to the 
angle abd, and produce bd, if necessary, to i:, and join eg: 
And because the angle a be is equal to the angle bae, the 
straight line be is equal (t. 6.)to£A: And because ad is 
equal to DC, and de common to the triangles ade, cde, the 
two sides ad, de, are equal to the two CD, de, each to each; 
and the angle ade is equal to the angle cde, for each of 
them is a right angle; therefore the base ae is equal (i. 4.) 
to the base EC : But ak was shown to be equal to be, where- 
fore also BE is equal to EC: And the three straight lines 
AE, EB, EC are therefore equal to one another; wherefore 
(in. 9.) £ is the centre of the circle. From the centre e at 
the distance of any of the three ae, eb, eg, describe a circle, 
this shall pass through the other points ; and the circle of 
which A'BC is a segment is described : And it is evident, that 
if the angle abd be greater than the angle bad, the centre £ 
falls without the segment abc, which therefore is less than a 
semicircle: But if the angle abd be less than bad^ the 
centre e falls within the segment abc, which is therefore 
greater than a semicircle : "Wherefore a segment of a drcle 
being given^ the circle is described of which it is a segment. 
Which was to be done. 

Prop. XXVL Theor. 

In equal ctrcUsy equal angles stand upon equal circum- 
ferences, whether they be at the centres or circumferences. 

Let ABC, DEF be equal circles, and the equal angles bgc^ 
EHF at their centres, and bag, edf at their circumferences : 
The circumference bkc is equal to the circumference elf. 

Join BC, £F; and because the circles abc, def are equal, 
the straight lines drawn from their centres are equal : There- 
fore the two sides bg, gc, are equal to the two eh, hf ; 
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and the angle at g is equal to the angle at h; therefore 
the base bo is equal (i, 4,) to the base e f : And because the 
angle at a is equal to the angle at d, the segment bac is 
similar (m. Def. 1 1.) to the segment edp ; and they are upon 
equal straight lines bc, bf; but similar segments of circles 
upon equal straight lines are equal (in. 24.) to one another, 
therefore the segment bac is equal to the segment edp : But 
the whole circle ABC is equal to the whole def ; therefore 
the remaining segment bkc is equal to the remaining seg- 
ment ELF, and the circumference bkg to the circumference 
ELF. Wherefore, in equal circles, &c. Q.E.D. 

Prop. XXVII. Theob. 

In equal cireleSy the angles which stand upon equal ctV" 
cumferences are equal to one another, whether they be at the 
centres or circumferences. 

Let the angles bgc, ehp at the centres, and bac, edf at 
the circumferences of the equal circles, abc, def stand upon 
the equal circumferences bc, ef: The angle bgc is equal to 
the angle ehp, and the angle bac to the angle edf. 

If the angle BGC be equal to the angle ehp, it is manifest 
(iiL 20.) that the angle bac is also equal to edf. But if 





not, one of them is the greater : Let bgc be the greater, 
and at the point G, in the straight line bg, make the angle 
BGK equal to the angle ehp ; but equal angles stand upon 
equal circumferences (m. 26.) when they are at the centre ; 
therefore the circumference bk is equal to the circumference 
EP : But EP is equal to bc ; therefore also bk is equal to bc, 
the less to the greater, which is impossible : Therefore the 
angle bgc is not unequal to the angle ehp; that is, it is 
equal to it : And the angle at A is half of the angle bgc, and 
the angle at d half of the angle ehp : Therefore the angle at 
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A is equal to the angle at d. Wherefore in equal circles, 
Sec Q.E.D. 

Prop. XXVIH. Theob. 

In equal circles^ equal straight lines cut off equal circum- 
ferences, the greater equal to the greater, and the less to 
the less. 

Let ABC, DEF be equal circles, and bc, ep equal straight 
lines in them, which cut off the two greater circumferences 
BAG, BDP, and the two less bgc, ehp: the greater bac is 
equal to the greater edp, and the less bog to the less ehp. 

Take (in. 1.) k, l the centres of the circles, and join bk, 
](G, el, LP : And because the circles are equal, the straight 







lines from their centres are equal; therefore bk, kg are 
equal to el, lp ; and the base bg is equal to the base ep ; 
therefore the angle bkg is equal (i. 8.) to the angle elp : But 
equal angles stand upon equal (m. 26.) circumferences, when 
thejare at the centres; therefore the circumference bgg is 
equal to the circumference ehp. But the whole circle abg 
is equal to the whole edp ; the remaining part therefore of 
the circumference, viz. bag, is equal to the remaining part 
EDP. Therefore, in equal circles, &c. Q.E.D. 



Prop. XXIX. Theob. 

In equal circles equal circumferences are subtended by 
equal straight lines. 

Let ABG, DEP be equal circles, and let the circumferences 
bgg, ehp also be equal ; and join bg, ep : The straight line 
BO is equal to the straight line ep. 
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Take (ni. 1.) k, l the centres of the circles, and join bk, 
KG, EL, LF r and because the circumference bgc is equal to 




the circumference ehp, the angle bkc is equal (in. 27.) to 
the angle elf : And because the circles a3c> def are equal, 
the straight lines from their centres are equal. Therefore 
BK, KG are equal to el, lf, and they contain equal angles: 
Therefore the base bc is equal (l 4.) to the base ef : There^ 
fore, in equal circles, &c. Q. E. D. 



Prop. XXX. Prob. 

To bisect a given circumference, that is, to divide it into 
two equal parts. 

Let ADB be the given circumference ; it is required to 
bisect it. 

Join AB, and bisect (i. 10.) it in c ; from the point c draw 
GD at right angles to ab, and join ad, db: The circumfer- 
ence ADB is bisected in the point d. 

Because ao is equal to gb, and gd common to the trian<- 
gles agd, bgd^ the two sides ag, gd are 
equal to the two bg, GD; and the angle 
AGD is equal to the angle bgd, because 
each of them is a right angle ; therefore 
the base ad is equal (l 4.) to the base 
bd. But equal straight lines cut off ^ 
equal (in. 28.) circumferences, the greater equal to the 
greater, and the less to the less, and ad, db are each of them 
less than a semicircle ; because dg passes through the centre 
(iiL 1. Cor.). Wherefore the circumference ad is equal to 
the circumference db : Therefore the given circumference is 
bisected in d; Which was to be done. ' 
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Prop. XXXL Theor. 

In a circle, the angle in a semicircle is a right angle; but 
the angle in a segment greater than a semicircle is less than a 
right angle ; and the angle in a segment less than a semi-, 
circle is greater than a right angle. 

Let A BCD be & circle, of which the diameter is bc, and 
centre £ ; and draw ca dividing the circle into the segments 
ABC, ADC, and join ba, ad, dc ; the angle in the semicircle 
BAC is a right angle; and the angle in the segment A bo, 
which is greater than a semicircle, is less than a right angle ; 
and the angle in the segment ado, which is less than a semi- 
circle, is greater than a right angle. 

Join ab, and produce ba to f ; and because be is equal 
to EA, the angle eab is equal (i. 6.) eba; also, because au 
is equal ta ec the angle £ ac is equal p 

to EC A; wherefore the whole angle 
BAC is equal to the two angles abc, ■ / 
ACB ; But FAC, the exterior angle of ^ 
the triangle abc, is equal (i.»32.). to ^ / 
the two angles abc, acb ; therefore / / 
the angle BAC is equal to the angle j ^y 
FAC, and each of them is therefore a y e r 

right (i. Def. 10.) angle : Wherefore \ / 

the angle bac in a semicircle is a \v / 

right angle. ^ -""'^ 

And because the two angles abc, bac of the triangle 
ABC are together less (i. 17.) than two right angles, and that 
BAC is a right angle, abc must be less than a right angle ; 
and therefore the angle in a segment abc greater than a semi- 
circle, is less than a right angle. 

And because abcd is a quadrilateral figure in a circle, 
any two of its opposite angles are equal (lu. 22.) to two 
right angles; therefore the angles abc, adc are equal to 
two right angles ; and abc is less than a right angle ; where* 
fore the other adc is greater than a right angle. 

Besides, it is manifest, that the circumference of the greater 
segment abc falls without the right angle cab, but the 
circumference of the less segment adc falls within the right 
angle caf. ^< And this is all that is meant, when in the 
Greek text, and the translations from it, the angle of the 
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greater segment is said to be greater, and the angle of the 
less segment is said to be less, than a right angle.' 

Cor. From this it is manifest, that if one angle of a 
triangle be equal to the other two, it is a right angle, because 
the angle adjacent to it is equal to the same two ; and when 
the adjacent angles are equals they are right aoglea. 



Prop. XXXn. Theor, 

If a straight line touches a circle, and from the point of 
contact a straight line he drawn cutting the circle, the angles 
made hy this line with the line touching the circle, shall be 
equal to the angles which are in the alternate segments of 
the circle. 

Let the straight line ef touch, the circle abcd in b, ittid 
from the point b let the straight line bd be drawn cutting 
the circle : The angles which bd makes with the touching 
line EF shall be equal to the angles in the alteraate segments 
of the circle : that is, the angle fbd is equal to the angle 
which is in the segment dab, and the angle dee to the 
angle in the segment bcd. # 

From the point b draw (i. 11.) B A at right angles to bp^ 
and take any point c in the circumference bd, and join ad, 
DC, cb; and because the straight line ef touches the circle 
abcd in the point b, and ba is drawn a 

at right angles to the touching line >-^^ 

from the point of contact b, the centre / 
of the circle is (m. 19.) in ba; there- / 
fore the angle adb in a semicircle is a | 
right (m. 31.) angle, and consequently V 
the other two angles bad, a bd are V 
equal (i. 32.) to a right angle: But ^v.^^^:;!^^ i 

ABF is likewise a right angle ; there- k B F 

fore the angle abf is equal to the angles bad, abd : 
Take from these equals the common angle abd ; therefore 
the remaining angle DBF is equal to the angle bad, which is 
in the alternate segment of the circle ; and because abcd is a 
quadrilateral figure in a circle, the opposite angles bad, 
BCD are equal (ra. 22.) to two right angles ; therefore the 
angles dbf, dbe, being likewise equal (i. 13.) to two right 
angles, are equal to the angles bad, bcd; and dbf has been 
proved equal to bad : Therefore the remaining angle dbe 
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is equal to the angle bcd in the alternate segment of the 
circle. 
Wherefore, if a straight line, &c. Q. E. D. 

Prop. XXXIH. Prob. 

Upon a given straight line to describe a segment of a 
circle^ containing an angle equal to a given rectilineal 
angle. 

Let AB be the given straight line, and the angle at c the 
. given rectilineal angle ; it is required to describe upon the 
given straight line ab a segment of a circle, containing an 
angle equal to the angle c 

First, let the angle at o be a right 
angle, and bisect (i. 10.) ab in f, and 
ftotn. the centre F, at the distance fb, 
describe the semicircle ahb ; therefore 
the ^angle ahb in a semicircle is (ni. 31.) 
equal to the right angle at c. 

But, if the angle c be not a right angle, at the point a, in 
the straight line ab, make (l^3.) the angle bad equal to the 
anjgle o, and from the point a draw (i. 11.) ae at right angles 
to AD; bisect (l 10.) ab in F, and from F draw (i. 11.) fg at 
right angles to ab, and join gb : And because Af is equal to 
fb, and fg common to the triangles afg, bfG, the two 
sides AF, FG are equal to the two bf, fg; and the angle 
AFG is equal to the angle bfg; therefore the base ag is 
equal (i. 4.) to the base gb; and the circle described from 
the centre g, at the distance ga, shall pass through the point 





b; let this be the circle ahb: And because from the point 
A the extremity of the diameter ae, ad is drawn at right 
angles to ae, therefore ad (in. 16. Cor;) touches the circle^ 
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and because ab drawn from the point of contact a cuts tb^ 
circle, the angle dab is equal to the angle in the alternate 
segment ahb (hi. 32.). But the angle dab is equal to the 
angle c, therefore also the angle c is equal to the angle in 
the segment ahb: Wherefore, upon the given straight line 
ab the segment ahb of a circle is described which contains 
an angle equal to the given angle at c. Which was to be 
done* 



Srop. XXXIV. Prqb. 

To cut off a segment from a given circle which shall con* 
tain an angle equal to a given rectilineal angle. 

Let ABC be the given circle, and d the given rectilineal 
angle ; it is required to cut off a segment from the circle abc 
that shall contain an angle equal to the angle D. 

Draw (in. 17.) the straight line ef touching the circle abc 
in the point b, and at the point b 
in the straight line bf make (i. 23.) 
the angle fbc equal to the angle 
D. Then, because the straight line 
EF touches the circle abc, and 
BC is drawn from the point of con- 
tact b, the angle fbc is equal 
(m. 32.) to the angle in the alter* 
nate segment Bac of the circle: 
But the angle fbc is equal to the angle d; therefore the 
angle in the segment bac is equal to the angle d : Where-* 
fore the segment bac is cut off from the given circle abc 
containing an angle equal to the given angle d : Which was 
to be done. 



Prop. XXXV. Theor. 

If two straight lines within a circle cut one another^ the 
rectangle contained hy the segments of one of them is equal 
to the rectangle contained hy the segments of the other. 

Let the two straight lines ac, bd, within the circle abcd, 
cut one another in the point £ : the rectangle contained bj 
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Xs, EC is equal to the rectangle contained 

by BE, ED. 

If AC, BD pass each of them through the 
centre, so that e is the centre ; it is evident, 
that AE, EC, BE, ED, being all equal, the 
rectangle ae, ec is likewise equaL to the 
rectangle be, ed. 

But let one of them bd pass through the centre, and cut 
the other ac, which does not pass through the centre, at 
right angles, in the point E : Then, if bd be bisected in f, f 
is the centre of the circle abcd ; join af : And because bd, 
which passes tlirough the centre, cuts the straight line ac, 
which does not pass through the centre, at 
right angles in e, ae, ec are equal (dl 3.) 
to one another: And because the straight 
line B D is cut into two equal parts in the 
point p, and into two unequal parts in the 
point £, the rectangle be, ed together with 
the square of e f, is equal (u. 5.) to the 
square of fb; that is, to the square of fa; 
but the squares of ae, ef are equal (i. 47.) 
to the square of fa ; therefore the rectangle be, ed, together 
with the square of ef, is equal to the squares of ae, ef: 
Take away the common square of ef and the remaining 
rectangle be, ed is equal to the remaining square of ae; 
that is, to the rectangle ae, ec. 

Next, let BDf which passes through the centre, cut the 
other AC, which does not pass through the centre, in £, but 
not at right angles : Then, aa before, if bd be bisected in f, " 
p is the centre of the circle. Join af, and from p draw 
(i. 12.) FQ perpendicular to AC ; therefore AG is equal (iii. 3.) 
toGC; wherefore the rectangle ae, ec, together with the 
square of eg, is equal (ii. 5.) to the square of ag: To each 
of these squares add the square of GF ; therefore the rect- 
angle AE, EC, together with the squares 
of EG, GF, is equal to the squares of ag, 
gp: But the squares of eg, gf are 
equal to the square of ef; and the 
squares of AG, gp are equal to the square 
of ap: Therefore the rectangle ae, ec, 
together with the square of ef, is equal 
to the square of af; that is, to the 
square of fb: But the square of fb is equal (n. 5.) to the 
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rectangle be, e d, together with the square of bf ; therefore 
the rectangle ae, ec, together with the square of ef, is equal 
to the rectangle bf^ ed together with the square of sf: 
Take away the common square of ef, and the remaining 
rectangle ae, eo is therefore equal to the remaining rectangle 
be, ED. 

Lastly, Let neither of the straight lines AG, bd pass 
through the centre : Take the centre f, 
and through e, the intersection of the 
straight lines AG, db, draw the diameter 
gefh: And because the rectangle ae, 
eg is equal, as has been shown, to the 
rectangle ge, eh; and for the same rea- 
son, the rectangle be, ed is equal to the 
same rectangle qe, eh; therefore the 
rectangle ae, eg is equal to the rectangle 
BE, ED. Wherefore, if two straight lines, &c« Q.E.Di. 

Prop. XXXVL Theob. 

If from any point without a circle two straight lines be 
drawny one of which cuts the circle, and the other touches it; 
the rectangle contained by the whole line which cuts the ctrcle^ 
and the part of it without the cirde, shall be equal to the 
square of the line which touches it 

Let D be any point without the circle abg, and dga, db 
two straight lines drawn from it, of which dga cuts the 
circle, and db touches the same; The rectangle ad, dg is 
equal to the square of db. 

Either dga passes through the centre, or it does not ; first, 
let it pass through the centre E, and join eb; therefore the 
angle bbd is a right angle (ni. 18.) : And ^ 

because the straight line AG is bisected 
in e, and produced to the point d, the 
rectangle ad, dg, together with the square 
of EG, is equal (n. 6.) to the square of ed, 
and GE is equal to eb: Therefore the 
rectangle ad, dg, together with the 
square of eb, is equal to the square of 
ED : But the square of ed is equal (i. 47.) 
to the squares of eb, bd, because ebd is 
a right angle : Therefore the rectangle ad, 
DG, together with the square of eb, is 
equal to the squares of eb, bd: Take 
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away the common square of eb; therefore the remaining 
rectangle ad, do is equal to the square of the tangent db. 

Bat if DC A does not pass through the centre of the circle 
ABC, take (m. 1.) the centre £, and draw ef perpendicular 
(i. 12,) to AC, and join eb, ec, ed : And because the straight 
line EF, which passes through the centre, cuts the straight 
line AC, which does not pass through the 
centre, at right angles, it shall likewise 
bisect it (m. 3.) ; therefore af is equal 
to FC : And because the straight line AC 
is bisected in f, and produced to d, the 
rectangle ad, dc, together with the 
square of fc, is equal (n. 6.) to the 
square oT fd: To each of these equaU 
add the square of fe ; therefore the rect- 
angle AD, DC, together with the squares 
of C£, FE, is equal to the squares of df, 
FE : But the square of ed is equal (i. 47.) 
to the squares of df, fe, because efd is 
a i*ight angle ; and the square of ec is equal to the squares 
of CF, FE; therefore the rectangle ad, dc, together with 
the square of ec, is equal to the square of^SD : And ce is 
equal to eb; therefore the rectangle ad, do, together with 
the square of eb, is equal to. the square of ed: But the 
squares of eb, bd are equal to the square (i. 47.) of ed, be- 
cause EBD is a right angle ; therefore the rectangle ad, dc, 
together with the square of eb, is equal to the squares of eb, 
bd: Take away the common square of bb; therefore the 
remaining rectangle ad, do is equal to the square of db. 
Wherefore, if from any point, &c. Q. £. D. 

Cor. If from any point without a eircle, A 

there be drawn two straight liues cutting 
it, as AB, AC, the rectangles contained by 
the whole lines and the parts of them with- 
out the circle are equal to one another, 
▼iz. the rectangle ba, ae to the rectangle 
CA, AF : for each of them is equal to the 
square of the straight line ad which touches 
the circle. 
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Prop. XXXVIL Theob- 

If from a point tnthout a circle there be drawn two 
straight lines, one of which cuts the circle^ and the other 
meets it; if the rectangle contained by the whole line which 
cuts the circle^ and the part of it without the circle^ be equal 
to the square of the line which meets ity the line which meets 
shall touch the circle. 

Let any point D be taken withont the circle a bo, and from 
it let two straight lines DC A and pb be drawn, of which dc A 
cuts the circle, and db meets it; if the rectangle ad, do be 
equal to the square of db; db touches the circle. 

Draw (ni. 17.) the straight line de touching the circle 
ABC, find its centre f, and join fe, fb, fd; and then fbi> 
is a right angle (m. 18.) : .And because db touches the 
circle abc and do A cuts it, the. rectangle ad, do is equal 
(m. 36.) to the square of de : But the rectangle ad, do is, bj 
hypothesis, equal to the square of d b: Therefore the square of 
de is equal to the square of db; and the straight line d e equal 
to the straight line db: And feIs equal to fb, wherefore 
de, ef are equal to db, bf, each to each ; ^ 

and the base fd is common to the two 
triangles def, dbf ; therefore the angle 
DBF is equal (i. 8.) to the angle dbf ; 
but DEF is a right angle, therefore also 
DBF is a right angle: And fb, if pro- 
duced, is a diameter, and the straight line 
which is drawn at right angles to a dia- 
meter, from the extremity of it, touches 
(in. 16.) the circle: Therefore db 
touches the circle ABa Wherefore, if 
from a point, &c. Q. E. D. 
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Problems. No. L 

1. To trisect a right angle ; that iSf to divide it info three 
equal parts. 

Let K BO be a right angle : It is re- 
quired to trisect it. 

In BK take any point A ; on ba 
describe (Euclid i. 1.) the equila- 
teral triangle abd ; and bisect 
(E. I. 9.) the angle abd bj the 
straight line bb; then the angles 
CBD^ dbe^ and eba are equal to one 
another. 

For the triangle abd being equilateral the angle abd 
{K, L 6. and 32.) is one third of two right angles, or two 
thirds of the right angle abg; therefore the angle gbd is 
one third of the right angle OB A; but since the angle dba 
is bisected bj be, the angles dbe and eba are each of them 
equal to one third of a right angle ; wherefore the angles 
cbd, dbe, and eba are equal to one another. 

2. To trisect a given straight line. 
Let AB be the given straight line : 

It is required to divide it into three 
equal parts. 

Upon AB describe (E. i. 1.) the 
equilateral triangle abo ; bisect (E. i. 
9.) the angles cab and oba bj the 
lines AD and bd meeting in d ; and 
from D draw (E. l 3L) db parallel to 
o Ay and DF parallel to ob : Then ab is 
trisected in the points b and f« 
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For since de is parallel to CA and ad meets them, there- 
fore (E, I. 29.) the angles dac and ade are equal; hut (by 
constr.) the angle ead is equal to the angle dac; therefore 
the angle ade is equal to the angle e ad ; wherefore (E. l 6.) 
AE is equal to ed. For the same reason fb is equal to fd. 
But DE being parallel to oa and dp to cb, the angle def is 
equal to the angle cab, and dpe to CBA ; and therefore the 
remaining angle edf is equal to the remaining angle acb ; 
hence the triangle edpIs equiangular, and therefore ed, 
EF, PD are equal to one another ; but ed has been shown to 
be equal to ae, and pd to pb, therefore ae, ef, PBare equal 
to one another. 

3. Through a given point to draw a straight line which 
shall make equal angles with two straight lines given in 
position. 

Let p be the given point, and 
BE and CF the lines given in po- 
sition. It is required to draw, 
through the point p, a straight 
line which shall make equal angles 
with BE and CP. 

Produce be and cp to meet in 
A; bisect (E. i. 9.) the angle cab 

bj the line ad ; and from p let fall (E. i. 12.) the perpen* 
dicular pd, and produce it on both sides to e and p. Then 
p E is the line required. 

For, by construction, the angle dab is equal to the' angle 
DAP, and the angles at d are right angles, and moreover 
AD is common to both the triangles ade and A dp, therefore 
(E.I. 26.) the angle aed is equal to the angle apd. 

4. From two given points on the same side of a line given 
in position, to draw two lines which shall meet in that line^ 
and make equal angles with it. 

Let c and d be the two given 
points, and ah the line given in po- 
sition. 

From c let fall (E. 1. 12.) the 
perpendicular cg, and produce it 
to P making gp equal to GC ; join 
PD, OE; then CE and ed are the lines 
required. 

Since CG is equal to gf^ and ge 
is common to the two triangles CGS 
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end F€iB> and the angles .at o afe right angles, therefore 
(E.I. 4.) the triangles cge and foe are equals and the 
angle ceo is equal to the angle feo; but (E. i. 15.) the 
angle deh is equal to the angle feo, theretbre the angle 
GEO is equal to the angle deh. 

5. On a given line to describe an isosceles triangle, whose 
perpendicular height is equal to the base. 

6. To make an angle equal to half a right angle. 

7. Given the diagonal of a square to construct it. 

8. Given the base, the perpendicular height, and one of 
the angles at the base of a triangle, to construct it. 

9. Trisiect two right angles. 

10. Divide a right angle into six equal parts. 

11. Divide a right angle into four equal parts. 

12. Given the hypotenuse of a right-angled triangle, and 
tbe difference of the two acute angles, to construct the 
triangle. 

13. To construct a right-angled triangle, having given 
the hypotenuse, and one of the acute angles equal to one 
third a right angle. Show that the side opposite to the 
given angle is equal to one half the hypotenuse. 

14. Given the two sides, and an angle opposite to one of 
the given sides of a triangle, to construct it. Show that, in 
general, there are two triangles answering the conditions of 
the problem. 

15. Given the base, one of the other sides, and the per- 
pendicular on the base of a triangle, to construct it. 

16. On a given base, to construct an isosceles triangle 
having the angle at the vertex equal to one third a right 
angle. 

17. From the vertex of a given triangle, to draw to the 
base a straight line which shall be less than the greater side 
by a given line. 

18. Given the perpendicular and the equal side of an 
isosceles triangle, to construct it. 

19. Through a given point p, to draw a straight line, 
which shall cut off equal parts from two straight lines ab 
and AC, cutting one another in A. 

20. Given the vertical angle and the perpendicular height 
of ah isosceles triangle, to construct it. 

21. Given the base, the less angle at the base, and the 
difi^^ioe of the sides of a triangle, to construct it. 
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22. From a given point, to draw the shortest line possibly 
to a given straight line. 

23. In a straight line given in position, but indefinite in 
lengthy to find a point, which shall be equidistant from each 
of two given points, on the same side of the given line, and 
in the same plane with it. 

24. To draw a straight line from a given point to mee^ 
another straight line, which shall make with it an angle equal 
to a given rectilineal angle. 

25. To find a point, in either of the equal sides of a given 
isosceles triangle, from which, if a straight line be drawn, 
perpendicular to that side, so as to meet the other side pro- 
duced, it shall be equal to the base of the triangle. 

26* From a given point to draw a straight line cutting 
two parallel straight lines, so that the part of it intercepted 
between them shdl be equal to a given finite straight line, 
not less than the perpendicular distance of the two parallels.* 

27. To trisect a triangle bj lines drawn from the vertex 
to the base. 



Theobehs. No. 1. 

■ 

1. The straight line which joins the points of biseeOan of 
the two sides of a triangle is parallel to the base. 

Let ABC be a triangle, d and e the c 

points of bisection of the sides AC 

and BC respectively; then the straight 

line P£, which joins the points B and 

E, is parallel to the base ab. 

Join the points a and e, b and d. 

Because ad is equal to dc, therefore 
£. L 38.) the triangle abd is half the triangle abc; and 
or the same reason the triangle abe is also half the triangle 

ABC; therefore the triangles abd and abe are equal to one 

another; hence (£. l 39.) de is parallel to ab. 

2. 7f the sides of a trapezium be bisected, and the ad- 
jacent points be joined, the figure thus formed will be a 
parallelogram. 




i 



* Should the student fail in solving any of these problems by the 
ordinary synthetic method* let him employ the method of analysis gived 
at page 107. 
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.- Let. AOBH be a trapezium, ^ 

whose sides are bisected in the 
points D, E, G and F ; let the ad- 
jacent points be joined ; then the 
figure DE6F is a parallelogram. 

Draw the diagonals ab, gh. 
Since AC, bc are bisected in d and 
B (Theorem 1. No. 1.), therefore 
DE is parallel to ab; and for the 
same reason fg is parallel to ab; 
therefore (E. i. 30.) de is parallel to fg. In the same way 
it may be shown that fd is parallel to ge ; therefore the 
jQgure degf is a parallelogram. 

3. Each of the angles of an equilateral triangle is equal to 
two-thirds of a right angle. 
., 4. The diagonals of a parallelogram bisect one another. 

5. The diagonals of a square cut each other at right angles. 

6. The three sides of a triangle taken together exceed the 
double of any one side, and are less than the double of any 
two sides. 

7. If two opposite sides of a quadrilateral figure be equal 
to one another, and the two remaining sides be also equal to 
one another, the figure is a parallelogram. 

8. If the sides of a triangle are 3, 4, and 5, taken from a 
scale of equal parts, it is a right-angled triangle. 

9. Any side of a triangle is greater than the difference 
between the other two sides. 

10. Any one side of a quadrilateral figure is less than the 
sum of the remaining sides. 

11. If either of the equal sides of an isosceles triangle be 
produced towards the vertex, the straight line which bisects 
the exterior angle is parallel to the base. 

12. If the opposite angles of a quadrilateral figure be 
equal to each other, the figure is a parallelogram. 

13. The diameters of an equilateral four-sided figure 
bisect one another at right angles. 

14. The diameters of a rectangle are equal to one another. 

15. The line which joins the points of bisection of any, 
two sides of a triangle is equal to half the remaining side. 

16. The diameters of any parallelogram divide it into four, 
equal triangles. 

17. The two triangles formed by drawing straight lines, > 
from any point witliin a parallelogram, to the extremities of 
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either pair of opposite sides, are together half of the paral- 
lelogram. 

18. The angle at the base of an isosceles triangle is equal 
to, or is less, or greater, than the half of the vertical angle, 
accordingly as the triangle is a right-angled, an obtuse- 
angled, or an acute-angled triangle. 

19. If a perpendicular be drawn bisecting a given straight 
line, anj point in this perpendicular is at equal distances 
from the extremities of the line. 

20. Of all straight lines which can be drawn from a given 
point to an indefinite straight line, that which is nearer to 
the perpendicular is less than the more remote. And from 
the same point there cannot be drawn more than two straight 
lines equal to each other, viz. one on each side of the perpen- 
dicular. 

21. The perimeter of an isosceles triangle is greater than 
the perimeter of a rectangular parallelogram, which is of the 
same altitude with and equal to the given triangle. 

22. If from any point in the diameter (or diameter pro- 
duced) of a parallelogram straight lines be drawn to the 
opposite angles, they will cut off equal triangles. 

23. The two perpendiculars let fall from the extremities 
of the base of an isosceles triangle upon the sides, are equal 
to each other. 

24. J£ a line be drawn bisecting a given angle, any point 
in that line will be equally distant from the two lines form- 
ing the angle. 

25. Any straight line which bisects the diagonal of a 
parallelogram also bisects the parallelogram. 

26. The perpendiculars drawn from the opposite angles of 
a parallelogram upon the diagonal are equal to one another. 

27. If two straight lines bisect each other perpendicularly, 
the lines joining the extremities will form an equilateral 
parallelogram, or rhombus. 

28. The area of a rhombus is equal to half the rectangle 
constructed upon the two diagonals of the rhombus. 

29. Parallelograms whose sides and angles are equal are 
themselves equal. 

30. The lines which join the middle points of the three 
sides of a triangle, divide it into four equal triangles. 

31. The inscribed parallelogram degf, in Exercise 2., is 
equal to half the trapezium acbh. 

32. If perpendiculars be let fall from ihe angles at the 
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base of a triangle, upon the line drawn from the vertex to the 
middle of the base, these perpendiculars will be equaL 

33. If two opposite sides of a trapezium be parallel to one 
another, the straight line joining their bisections, bisects the 
trapezium. 

34. If from the extremities of the base of an isosceles 
triangle lines be drawn perpendicular to the sides, the angles 
made by these perpendiculars with the base are each equal 
to half the vertical angle. 

36. In Theorem 1. No. 1., prove that the triangle doe is 
one-half the triangle abd. 

Problems. No. 2. 

1. To draw a perpendicular to a straight line through 
its extremity without producing it 

Let A be the extremity of ^e line ab : It is required to 
draw AO perpendicular to ae. 

Take any portion ab, and oa it c(m- 
struct the equilateral triangle abd; pro* 
duce BD to 0, making DC equal to db; 
join AC ; then ao will be the perpendi- 
cular required. 

Since ad is equal to do (E. i. 5.) the 
angle dac is equal to the angle dca; 
and because abd is an equilateral tri- 
angle the angle dab is equal to the angle 
ABO ; therefore the angles dac and dab taken together are 
equal to the sum of the angles dca and abo ; but the angles 
DAC and DAB are together equal to the angle bao; there* 
fore the angle bag is equal to the sum of the angles dca and 
ABC; hence (E.I. 32.) the angle bac is equal to a right 
angle. 

2. Given the sum of the three sides, and the angles at the 
base of a triangle, to construct it, 

Le^ AB be the sum of the three sides, and c and d the two 
given angles : It is 
required to describe 
a triangle, which 
shall have the sum 
of its sides equal to 
AB, and the angles 
at the base equal 
to o and d respec- 
tively. 
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At the point A make (£. i. 23.) the angle b ae equal to the 
angle c, and at the point b the angle abk equal to the angle 
D. Bisect (E. L 9.) the angles bae and abk, by the lines af 
and BF, meeting in f ; through f draw (E. i. 31.) Fa parallel 
to EA, and FH parallel to kb; then ghf is the triangle 
required. 

For since fg is parallel to ea, therefore (E. l 29.) the 
angle EAF is equal to the angle ofa ; but (by construction) 
the angle eaf is equal to the angle gaf; therefore the 
angle gaf is equal to the angle gf a ; therefore (E. i. 6.) 
GF is equal to ga« In the same manner it may be shown 
that HF is equal hb ; hence the sum of the three sides of the 
triangle ghf is equal to the given straight line ab. 

AgaiUf since fg is parallel to ea, and fh to kb, therefore 
(E. I. 29.) the angle fgh is equal to the angle eab, and the 
^ngle FHG to the angle kba ; but (by construction) the 
angle eab* is equal to the angle c, and the angle kba is 
equal to the angle d ; therefore also the angle fgh is equal 
to the angle o, and the angle fhg to the angle d. Where*- 
fore, &c. 

3. To divide a given straight line into any given number 
of equal parts. 

ikt OB be a given straight line ; it is re-' 
quired to divide it into any given number 
of equal parts. 

From G draw an indefinite line c A making 
any convenient angle with cb; take any 
point e in CA, and make er^ rSySA, &c., 
each equal to ce, so that the number of 
these equal parts on ga, may be equal to 
the given number of parts into which ob 
is to be divided. Join the extremity A of the last part with 
the extremity b of the given line ; and through the points 
Cy r, s, &c. draw (E. i. SI,) eh, rm, sp, &c. parallel to ab, 
cutting CB in the points A, m, p, &c. ; then these points will 
divide ob into the required number of equal parts. 

Draw hn, mo, parallel to oa. Because rm is parallel to 
eh (E. I. 30.) and hn to er, therefore ehnr is a parallelo- 
gram, and (E. i. 34.) hn is equal to er or ce\ the angle 
iiAm is equal to the ecA, and the angle hmn to the angle 
che (E. I. 29.) ; therefore (E. i. 26.) the triangle nhm is 
equal to the triangle ech, and hm\s equal to ch. In like 
manner it niay be proved that mp is equal Am, and so on* 
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- 4. To bisect a triangle by a line drawn from a given point 
in one of the sides. 

Let ABC be the triangle, and p 
the given point. Bisect b<; in e; 
join AB, PE ; from A draw ap pa- 
rallel to PE; and join pf; then pp 
will bisect the triangle abg. 

Since ap is parallel to pe, there- 
fore (E. I. 37.) the triangle pea is 
equal to the triangle pep. To these equals add the triangle 
bep, therefore the triangle abe is equal to the triangle bpf; 
^ut since be is equal to ec, therefore (E. i. 38.) the triangle 
ABE is equal to half the triangle abc ; therefore the triangle 
bpf is also equal to half the triangle abc. 

5. Given the base, the sum of the remaining sides, and 
one of the angles at the base of a triangle, to construct it. 

6. Given the base and the vertical angle of an isosceles 
triangle, to construct it. 

7. To construct a triangle from three parts given, of which 
one, at least, is a side. 

8. Upon a given base to describe an isosceles triangle equal 
to a given rectangle. 

9. To divide a triangle into any given number of equal 
parts by lines drawn from the vertex to the base. 

10. Describe a square which shall be equal to the differ- 
ence between two given squares. 

11. Describe a square which shall be equal to the sum of 
three given squares. 

12. Construct a triangle which shall have the magnitude 
of its angles as the numbers 1, 2, and 3. 

13. To find a point within a triangle^ so that lines drawn 
t(y the angles shall divide the triangle into three equal 
parts. 

14. Draw a line ef parallel to the base bc of a triangle 
ABC, so that £F shall be equal to be. 

15. Construct a parallelogram, having given the diagonals 
and the angle they make with each other. 

16. Trisect a given angle, which is the half, or the quar- 
ter, or the eighth part, and so on, of a right angle. 

17. In a given square to inscribe an equilateral triangle, 
having one of its angular points upon one of the angular 
points of the square, and its two remaining angular points 
ime in each of two adjacent sides of the square. 
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18. To bisect a parallelogram by a line drawn through a 
given point in one of its sides. 

19. To bisect a trapezium (1st) by a line drawn from one 
of its angular points, (2d) by a line drawn from a given point 
in one of its sides. 

20. A plane rectilineal figure of any number of sides being 
given, to find an equal rectilineal figure which shall have the 
number of its sides less, by one, than that of the given 
figure. 

21. To trisect a parallelogram by lines drawn from a given 
point in one of its sides. 

22. To describe a parallelogram, the surface and perimeter 
of which shall be respectively equal to the surface and pe- 
rimeter of a given triangle. 

23. To describe a parallelogram which shall be of a given 
altitude, and equiangular with a given parallelogram, and 
also equal to it 

24. From the circumference of a given circle to draw to a 
straight line given in position, a line which shall be equal and 
parallel to a given straight line. 

25* To describe a triangle which shall be equal to a given 
equilateral pentagon, and of the same altitude. 

26. To inscribe a square in a given right-angled isosceles 
triangle. 

27. To inscribe a square in a given equilateral four-sided 
figure. 

28. To inscribe a square in a given quadrant of a circle. 

29. Given one angle, a side opposite to it, and the differ- 
ence of the other two sides, to construct the triangle. 

30. Given the perimeter and the vertical angle of an 
isosceles triangle, to construct it. 

31. From one of the angles of a parallelogram to draw a 
l^ie to the opposite side, which shall be equal to that side 
together with the segment of it which is intercepted between 
the line and the opposite angle. 

32* Two straight lines are given in position, without being 
produced to meet ; it is required to draw a line which would 
(if produced) bisect the angle between the two straight 
lines. 

33. Given the vertical angle, the difference of the angles 
at the base, and the perpendicular height of a triangle, to 
construct it. 

34. In a given triangle to construct an equilateral paral* 
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lelogram, which shall have one of its angles coinciding with 
one of the angles of the triangle, and the opposite angular 
point situated in one of the sides of the triangle. 

THEOREaf s. No. n. 

1. The line Joining the vertex and the middle of the base 
of a triangle^bisects every line that is drawn parallel to the 
ddse, and is terminated by the two remaining sides of the 
tfiangU, 

Let PQ be any straight line, drawn 
parallel to the base bc of the triangle 
ABC ; and let ad, joining the vertex 
and the middle d of bc, cut fq in g; 
then PQ is bisected in the point G. 

If PG be not equal to gq, one of 
them is the greater: let pg be the 
greater; and join dq, and dp. 

Since (hjp.) bd is equal to dc, and 
PQ is parallel to bc, therefore (E. i. 
38.) the triangle bdp is equal to the 
triangle dcq ; also because bd is equal to DC, therefore the 
, triangle bda is equal to the triangle cda ; therefore, taking 
the former equal triangles from the latter, there remains the 
triangle dpa equal to the triangle dqa. But since pg is 
greater than gq, the triangle apg is greater than agq, and 
the triangle gpd is greater than gqp; therefore, the wliole 
triangle dpa is greater than the whole triangle dqa; but it 
has been shown that the triangle dpa is equd to the triangle 
DQA; and it is also greater, which is absurd: hence neither 
of the two lines pg, gq, can be greater than the other ; 
therefore pg must be equal to gq. 

2. The two sides of a triangle are together greater than 
the double of the line joining the vertex and the middle of 
the base. 

Let ABC be a triangle, and ad the 
straight line joining the vertex A, and 
the middle d, of the base bc; then ab 
and AC are together greater than twice 
ad. Produce ad to q making dq equal 
to AD; and join bq. 

Since {hyp.) bd is equal to dc, and 
(constr.) DQ is equal to ad, and (E. l 15.) 
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the angle bdq is equal to adc ; therefore (£. i. 4.) bq is 
equal to ac. But (£. ^20.) ab, bq are together greater 
than AQ ; but AC has been proved to be equal to bq, and aq 
(by const.) is the double of ad ; therefore ab, AG are together 
greater than the double of ad. 

3u If either diagonal of a parallelogram be equal to one of 
the sides, the other diagonal will be greater than anj side of 
the parallelogram. « 

4. A trapezium, haying two of its sides parallel, is equal 
to half of a rectangle between the same parallels, and having 
its base equal to the sum of the two parallel sides of the 
trapeziunu 

6, If the side of a square be equal to the diagonal of 
another square, the former square is double of the latter. 

6. The two sides of a triangle are together greater than 
the double of the line drawn from the vertex to the base, bi- 
secting the vertical angle. 

7. If in the sides of a square, at equal distances from the 
four angles, four other points be taken, one in each side ; the 
figure contained bj the straight lines which join them shall 
also be a square. 

8. If four straight lines cut each other, without including 
a space, but so as to make three internal angles, towards the 
same parts, together less than four right angles, the two lines 
which are not joined shall meet, if produced. 

9. If two opposite sides of a parallelogram be bisected, 
and lines be drawn from these two points of bisection to the 
opposite angles, the lines will be parallel, and will trisect the 
diagonal. 

10. In Prob. 4. No. 1. the sum of the lines ge and ed is 
less than the sum of any other two lines which can be drawn 
from the given points G and d to meet the line ah. 

11. The perimeter of an isosceles triangle is less than that 
of any other equal triangle on the same base. 

12. Kfrom the angular points of the squares described 
upon the sides of a right-angled triangle perpendiculars be 
let fall upon the hypotenuse produced, they will cut off equal 
segment^ and the perpendiculars will together be equal to 
tlie hypotenuse. 

13. If a line pq be drawn parallel to the base bc of a 
triangle abg (see fig. Theo. 1. No. 2.) through the point g 
where the lines CG and bg bisecting the angles of the bas^ 
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intersect, the line pq will be equal to the sum of the lines bp 
and OQ. 

14. The difiference of the angles at the base of a triangle 
is double the angle contained by a line drawn from the vertex 
perpendicular to the base, and another line bisecting the 
angle at the vertex. 

15. If in two opposite sides of a parallelogram two points 
be taken, one in each of those sides equidistant from two 
opposite angles of the figure, and if two other points be like- 
wise taken, in the two other opposite sides, equidistant from 
the same two angles, the figure contained by the straight 
lines joining the four points so taken shall be a parallelo- 
gram. 

16. The area of a trapezium is half that of a rectangle, 
whose base is one of the diagonals of the trapezium, and 
altitude the sum of the perpendiculars let fall upon the 
diagonal. 

17. The lines which bisect the angles of a parallelogram, 
form a rectangle. 

18. Two sides of a triangle being given, its area will be 
greatest when the given sides contain a right angle. 

19. If the two exterior angles at the base of a triangle be 
bisected, and the bisecting lines produced until they intersect, 
the line drawn from this point to the vertical angle will 
bisect it. 

20. In the figure E. i. 47. prove that, if bg and ch be 
joined, these lines will be parallel. 



EXERCISES ON BOOK 11. 

1. Theorem. In any triangle^ if a line be drawn from the 
vertex bisecting the base, the sum of the squares of the two 
sides of the triangle is double the sum of the squares of the 
bisecting line and of half the base. 

Let ABC be a triangle; and from the vertex c let od be 
drawn to the middle, d, of the base •„ then 
the squares of ac, bc are together 
double the squares of dc, ad. 

From c draw cb perpendicular to ab. 

Then (E. n. 12.) the square of AC is 
greater than the squares of dc, ad, by twice the rectangle 
AD, de; and (E. ii. 13.) the square of bc is less than the 

F • 
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squares of DC, bd by twice the rectangle bd^ joe ; therefore 
the squares of AC, bc are equal to twice the square of i>Cy 
and twice the square of ad, since ad is equal to bd. 

Or thus. 

(E. n. 12.) AC* = DC^ -f AD* + 2 AD. DB, 

and (E. ii. 13.) bc^ = dc* + bd* — 2bd.de 

= DC2 -t- AD2 — 2aD.de, 

/. Ac« + Bc2 = 2dc« -J- 2ad«. 

2. The square upon the whole line is equal to four times 
the square upon half the line. 

d. The rectangle under any two lines is equal to three 
times the rectangle under either of them and a third of the 
other. 

4. If two lines be divided, each into any number of parts, 
the rectangle contained by the two lines, is equal to the sum 
of the rectangles contained by the sereral parts of the one 
and the several parts of the other. 

5. In any triangle if a line be drawn from the vertex at 
right angles to the base, the difference of the squares of the 
sides is equal to the difference of the squares of the s^ments 
of the base. 

6. If from one of the acute angles of a right-angled tri- 
angle, a line be drawn to the opposite side, the squares of 
that side and the line so drawn are together equal to the 
squares of the segment adjacent to the right angle and of the 
hypotenuse. 

7. In any isosceles triangle, if a line be drawn from the 
vertex to any point in the base, the square upon this line, 
together with the rectangle contained by the segments of the 
base, is equal to the square upon either of the equal sides. 

8. The rectangle contained by the sum and the difference 
of two lines is equal to the difference of their squares. 

9. If a line be divided into five equal parts, the square of 
the whole line is equal to the square of the line which is 
made up of four of those parts, together with the square of 
the line which is made up of three of those parts. 

10. The squares of the sides of a parallelogram are toge- 
ther equal to the squares of its diameters taken together. 

11. If from the three angles of a triangle lines be drawn 
to the points of bisection of the opposite sides, four times 
the sum of the squares of these lines is equal to three times 
the sum of the squares of the sides of the triangle. 

12. If from any point within a rectangle lines be drawn to 
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the angular points, the sums of the squares of those which 
are drawn to the opposite angles are equal. 

13. The square of the hase of an isosceles triangle is 
double the rectangle contained by either side and by the 
line intercepted between the perpendicular let fall upon it 
from the opposite angle, and the extremity of the base. 

14. If two sides of a trapezium be parallel to each other, 
the squares of its diagonals are together equal to the squares 
of its two sides, which are not parallel, and twice the rect- 
angle contained by its parallel sides. 

15. The sum of the perpendiculars let fall from any point 
within an equilateral triangle, upon the three sides, is equal 
to the perpendicular let fall from one of the angles upon tlie 
opposite side. 

16. The squares of the diagonals of a trapezium are toge- 
ther double the squares of the two lines joining the bisec- 
tions of the opposite sides. 

17. The squares of the diagonals of a trapezium are toge- 
ther less than the squares of the four sides, by four times the 
square of the line joining the points of bisection of the 
diagonals. 

18. If from any point within (or without) a trapezium per- 
pendiculars be let fall on every side, the sum of the squares 
of the alternate segments made by them will be equal. 

19. To divide a given line into two parts, such that the 
squares described upon them shall be equal to a given square. 
Show when the problem becomes impossible. 

20. Divide a given straight line into two parts, such that 
twice the rectangle contained by them may be equal to the 
square of one of the parts. 

21. Divide a given straight line into two parts, such that 
nine times the square described upon one part may be equal 
to the square described upon the other. 

22. Divide a given straight line into two parts, such that 
the square of the whole line may be equal to the square of 
one of the parts, together with four times the rectangle con- 
tained by the two parts. 

23. Divide a given straight line into three parts, such that 
the square upon the sum of the greatest and least parts may 
be four times the square upon the remaining part ; and the 
aim of the squares upon the two least parts may be equal to 
the square upon the greatest. 

24. Upon a given line, as an hypotenuse^ to describe a 

F 2 
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right-angled triangle, such that the hypotenuse together 
with the less of the two sides, shall be double the greater. 

25. Show that the algebraical proposition 

{a -{-by -f (o-6)« = 2a^ + 2b\ 
is equivalent to Props. 9 and 10 of the Second Book of Euclid. 

26. Find algebraical propositions equivalent to Proposi- 
tions 1, 2^ 3, 4^ 5, 6> 7» and 8 of the Second Book of Euclid. 




EXERCISES ON BOOK IIL 
Problems* 

1. To describe a circle which shall totieh a given straight 
line in a given pointy and also touch a given circle. 

Let FK be the given circle, 
and c the given point in the 
straight line xy: It is required 
to describe a circle which shall 
tQuch XT in the point c, and also 
touch the circle fk. 

Through c draw (E. L 11.) 
the line dob perpendicular to 
XT ; find (E. iii, 1.) the centre A 
of the circle fk, and draw any 
radius af ; make CD equal to af, 
and join A, d ; from A draw (E. l 23.) a b, making the angle 
DAB equal to the angle adb, and let dcb meet ab in the 
point B. Then b is the centre of the circle required. 

Since the angle dab is equal to the angle adb (constr.), 
therefore (E. i. 6.) bd is equal to ba ; and cd is equal to 
AF or ak; therefore the remainder bc is equal to the re- 
mainder BE, and consequently a circle described from b as a 
centre, with the radius bc, will pass through k, and (E. m. 
16.) it will touch XT in c, and moreover it will touch the 
circle fk in k, for a line drawn perpendicular at k will form 
a common tangent to the circles fk and ck. 

2. Grivefi the base, the vertical angle, and the perpendictt^ 
lar height of a triangle, to construct it. 

Let AB be the given base: Upon ab ^ j^ p 

describe (E. m. 33.) a segment of a* circle 
ADB, which shall contain an angle equal to 

the given vertical angle; from b draw bf ^^ ^t- 

perpendicular to ab, and make bf equal to B s b 
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the given height of the triangle ; through f draw fd parallel 
to AB, meeting the arc of the circle in d ; join b^ d and a,d: 
Then abd is the triangle required. 

Draw DS parallel to fb^ then bfds is a parallelogram, and 
(E. I. 34.) DS is equal to fb; and (constr.) because the 
angle sbf is a right angle, therefore (E. i. 29.) the angle 
i>SA is a right angle, that is, d 9 is perpendicular to ab, and 
it has been shown to be equal to fb, which was taken equal 
to the given perpendicular; moreover (constr.) the angle 
ADB is equal to the given vertical angle; therefore adb is 
the triangle which was to be constructed. 

3. To determine the position of a point of observation, d, 
at which lines drawn from three objects (a, b, c), whose dis- 
tances from each other are given, shall make with each other 
angles equal to given angles ; that is, let the angles adb and 
jldc be given angles. 

Let A, B, be the three given 
points or objects ; join ab, and on it 
describe (E. lu. 33.) a segment of a 
circle adb, which shall contain an 
angle equal to the angle which the 
lines drawn from a and b are to in- 
clude. Describe the whole circle, 
AD be, and make (E. i. 23.) the angled 
ABE equal to the angle which the 
lines drawn from a and c are to in- 
clude. Join c, E ; and produce it to 
D, the circumference of the circle 
adbe ; then D is the position of the 
point required. 

Join A, E; then (E. lu. 21.) the angle ado is equal to 
the angle a be, which was made equal to the angle formed 
by the lines drawn from a and c ; and, moreover, the angle 
ADB is, by construction, equal to the angle formed by the 
lines drawn from a and b. 

4. Through a given point within a circle, to draw a chord 
which shall be bisected in that point. 

5. To draw a tangent to a circle, which shall be parallel 
to a given straight line. 

6. Given the hypotenuse and the perpendicular let fall 
upon it from the opposite angle, to construct the right-angled 
triangle. 

F 3 
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7. Divide the circumference of a circle into six equal 
parts. 

8. From two given points on the same side of a line given 
in position, to draw two straight lines which shaU contain a 
given angle, and be terminated in that line. 

9. To describe a circle which shall have a given radius 
and its centre in a given line, and shall also touch another 
line, inclined to the former at a given angle. 

10. To describe a circle which shall pass through a given 
point, and touch a given line in another given point. 

1 1. To describe a circle which shall pass through a given 
point, and touch a given circle in another given point. 

12. To describe a circle which shall have a given radius^ 
and which shall touch two given lines, not parallel to each 
other. 

13. To describe a circle, which shall touch a straight line 
in a given point, and also touch a given straight Hne. 

14. To describe two circles, each having a given radius, 
which shall touch each other, and the same given straight 
line on the same side of it. 

15. To describe three circles of equal diameterS| whieh 
shall touch each other. 

16. To describe a circle which shall pass through a 
given point, have a given radius, and touch a given straight 
line. 

17. To describe a circle which shall pass through two 
given points, and touch a given straight line. 

18. To describe a circle the centre of which may be in 
the perpendicular of a given right-angled triangle, and the 
circumference pass through the right ^angle and touch the 
hypotenuse. 

19. Through a given point to draw a straight line, the 
part of which intercepted by the circle, shall be equal to a 
given line, which is not greater than the diameter. 

20. To draw a straight line which shall touch two given 
circles. 

21. In the diameter of a circle produced, to determine a 
point from which a tangent drawn to the circumference shall 
be equal to the diameter. 

22. Two circles being given in magnitude and position, to 
find a point in the circumference of one of them, to which if 
a tangent be drawn cutting the circumference of the other. 
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the part intercepted between the two circumferences may be 
equal to a given line. 

23. Upon a given straight line to describe a segment of a 
circle, which shfdl be similar to a given segment of another 
circle. 

24. To divide a given circular arch into tiyo parts, so that 
the sum of their chords maj be equal to a given straight line, 
greater than the chord of the whole arch, but not greater than 
the double of the chord of half the arch. 

25. The perimeter, the vertical angle, and the altitude of a 
triangle being given, to construct it. 

26. Two circles being given in position and magnitude^ 
to draw a straight line cutting them so that the chords in 

•e^h circle may be equal to a given line, not greater than 
the diameter of the smaller circle. 

27. Having given the radii of two circles which cut 
each other, and the distance between their centres, to draw 
a line of given length through their point of intersection, 
so as to terminate in their circumferences. 

28. To describe a rectangle which shall be equal to a 
given square, and have its adjacent sides together equal to a 
given line. 

29. Having given the distance of the centres of two equal 
circles which cut each other, to inscribe a square in the 
space included between the two circumferences. 

30. In a given circle to inscribe a rectangle equal to a 
given rectilineal figure. 

31. To inscribe a circle in a given quadrant. 

32. The vertical angle, the base, and the sum of the three 
sides of a triangle being given, to construct it. 

33. The vertical angle, the base, and the excess of the 
greater of the two remaining sides, of a triangle, above the 
less, being given, to construct the triangle* 

34. To produce a given line, so that the rectangle con- 
tained by the whole line thus produced, and the part of it 
produced, shall be equal to a given square. 

35. From the obtuse angle of an obtuse-angled triangle, 
to draw a straight line to the base, the square of which 
shall be equal to the rectangle contained by the segments, 
into which it divides the base. 

36. A flag-staff having a given height stands on the top of 
a tower whose height is also given ; at what point in the 
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horizontal line, drawn from the foot of the tower, will the 
flag-staff appear under the greatest angle ? 

37. Given the vertical angle, the difference of the two 
sides containing it, and the difference of the segments of 
the hase made hj a perpendicular from the vertex ; to con- 
struct the triangle. 

Theorems. 

1. If two circles cut each other, the straight line joining 
their two points of intersection is bisected, at right angles, 
by the straight line joining their centres. 

2. If two isosceles triangles be of equal altitudes, and the 
side of one be equal to the side of the other, their bases shall 
be equal. 

3. Any two chords of a circle, which cut a diameter in 
the same point and at equal angles, are equal to one another. 

4. If a straight line be drawn to touch a circle and 
parallel to a chord, the point of contact will be the middle 
point of the arc cut off by that chord. 

5. J£ from a point without a circle, two straight lines be 
drawn to the concave part of the circumference, making 
equal angles, with a line joining the same point and the 
centre, the parts of the lines which are intercepted within 
the circle are equal. 

6. If a circle be described on the radius of another circle, 
any straight line drawn from the point where they meet to 
the outer circumference, is bisected by the interior one. 

7. The two straight lines in a circle, which join the ex- 
tremities of two parallel chords, are equal to each other. 

8. The straight lines joining the extremities of the chords 
of two equal arches of the same circle, towards the same 
parts, are parallel to each other. 

9. If two circles cut each other, and from either point of 
intersection diameters be drawn, the extremities of these 
diameters and the other point of intersection shall be in the. 
same straight line. 

10. If a straight line touch the interior of two concentric 
circles and be placed in the exterior one, it will be bisected 
in the point of contact. 

11. If any number of equal straight lines be placed in a 
circle, the locus of their points of bisection will be a circle. 
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12. If from any two points in the circumference of the 
greater of two given concentric cirdes, two straight lines be 
drawn so as to touch the less circle, thej shall be equal to 
one another. 

13. If a quadrilateral rectilineal figure be described 
about a circle, the angles subtended, at the centre of the 
circle, by any two opposite sides of the figure, are, together, 
equal to two right angles. 

14. If two circles touch each other externally or inter- 
nally, two straight lines drawn through the point of contact, 
will intercept arcs the chords of which are parallel. 

lo. K two equal circles cut each other, and from either 
point of intersection a circle be described cutting them, the 
points where this circle cuts them, and the other pmnt of 
intersection of the equal circles, are in the same straight 
line. 

16. If a straight line touch the interior of two concentric 
circles, and be terminated both ways by the circumference 
of the outer circle, its squares shall be equal to the difference 
of the squares of the diameters of the circles. 

17. The perpendiculars let fall from the three angles of 
any triangle upon the opposite sides, intersect each other in 
the same point. 

18. If two opposite angles of a quadrilateral figure be 
together equal to two right angles, a circle may be described 
about it. 

19. If from the extremities of the diameter of a circle 
tangents be drawn, and produced to intersect a tangent to 
any point of the circumference ; the straight lines joining 
the points of intersection and the centre of the circle form a 
right angle. 

20. If a semicircle be described on the side of a quadrant, 
and from any point in the quadrantal arc a radius be drawn ; 
the part of this radius intercepted between the quadrant and 
semicircle, is equal to the perpendicular let fall from the 
same point on their common tangent, 

21. If the chord of a quadrant be made the diameter of a 
semicircle, and from its extremities two straight lines be 
drawn to any point in the circumference of the semicircle ; 
the segment of the greater line intercepted between the two 
circumferences shall be equal to the less of the two lines. 

22. If two circles cut each other so that the circumfer- 
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ence of one passes through the eentFe of the other, and from 
either point of intersection a straight line be drawn catting 
both circumferences ; the part intersected between the two 
circumferences will be equal to the chord drawn from the 
other point of intersection to the point where it meets the 
inner circumference. 

23. If through any point in the common chord of two 
circles, which intersect one another, there be drawn any two 
other chords, one in each circle, their four extremities shall 
all lie in the circumference of a circle. 

24. If from the extremities of any diameter of a given 
circle, perpendiculars be drawn to any chord of the circle, 
they shall meet the chord, or the chord produced, in two 
points which are equidistant from the centre. 

25. If two circles cut each other, and from any point in 
the straight line produced, which joins their intersections, 
two tangents be drawn, one to each circle, they shall be 
equal to one another. 

26. If from any two points in the circumference of a circle 
there be drawn two straight lines to a point in a tangent to 
that circle, they will make the greatest angle when drawn to 
the point of contact. 

27. If any chord in a circle be bisected by another and 
produced to meet the tangents drawn from the extremities 
of the bisecting line ; the parts intercepted between the tan- 
gents and the circumferences are equal. 

28. If two opposite angles of a trapezium be right angles, 
the angles subtended by either side at the two opposite an- 
gular points will be equal. 

29. If a perpendicular be let fall from the right angle of a 
right-angled triangle on the hypotenuse, the rectangle con- 
tained by the hypotenuse, and either of the segments, into 
which it is divided by the perpendicular, is equal to the 
square of the side adjacent to that segment. 

30. A quadrilateral figure may have a circle described 
about it, if the rectangle contained by the segments of the 
diagonal be equal. 

31. If an equilateral triangle be inscribed in a eircle, the 
square on a side thereof is equal to three times the square 
described upon the radius. 

32. The vertical angle of any oblique-angled triangle in- 
scribed in a circle, is greater or less than a right angle, by 
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the angle contained by the base and the diameter drawn from 
the extremity of the base. 

33. If a circle be inscribed in a right-angled triangle, 
the difference between the two sides containing the right 
angle and the hypotenuse, is equal to the diameter of the 
circle. 

34. If a semicircle be inscribed in a right-angled triangle, 
so as to touch the hypotenuse and perpendicular, and from 
the extremity of its diameter a line be drawn through the 
point of contact to meet the perpendicular produced ; the part 
produced will be equal to the perpendicular. 



GEOMETRICAL ANALYSIS. 

In the method of analysis we assume the proposition ad- 
vanced, and then proceed to trace the consequences which 
follow from this assumption, till we arrive at some known or 
admitted relation. The reverse of this process constitutes 
synthesis, or composition, which is the method employed in 
the preceding pages. In the solution of geometrical problems 
of more than ordinary difficulty, it is necessary that we 
should adopt the method of analysis, in order to discover the 
different steps which must be pursued in the construction. 
Analysis, observes an eminent geometer, presents the medium 
of invention ; while synthesis naturally directs the course of 
instruction. 

The following problem is given as an illustration of this 
method. 

Problem. Given the hypotenuse of a right-angled triangle, 
and the sum of the base and perpendicular, to construct 
the triangle. 

Analysis. Suppose the thing to be done. Let abc be 
the triangle required, having bc equal to 
the given hypotenuse, the angle bag ^ 

equal to a right angle, and ab, ag to- 
gether equal to the given sum of the base 
and perpendicular. On b A produced take 
AD equal to AC, and join gd. 

Then bd is equal to the sum of ab and ^ 
AC. And since adg is a right-angled isosceles triangle. 
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therefore the angles adc and acd are each of them half a 
right angle. 

Hence we have the following composition: — 
Synthesis. Make bd equal to. the sum of ab and ac ; 
from D draw (e. i. 11. and 9.) DC making the angle bdc 
equal to half a right angle ; from b, the other extremity of 
BD, draw BC equal to the given hypotenuse, meeting dc in 
C; and from c (e. 1. 12.) let fall the perpendicular ca ; then 
ABC is the triangle required. 

For the right-angled triangle adc is evidently isosceles, 
and therefore ac is equal to ad, and the sum of ab and ac 
is equal to bd ; wherefore, &c. 



THE END. 



London : 
Spottiswoodes Aad Shaw, 
New 'Street- Square. 
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